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a b s t r a c t

According to ISO 1101, ‘‘A geometrical tolerance applied to a feature defines the tolerance
zone within which that feature shall be contained’’.

The main goal of the minimum zone tolerance (MZT) method is to achieve the best esti-
mation of the roundness error, but it is computationally intensive. This paper describes the
application of a genetic algorithm (GA) to minimize the computation time in the evaluation
of CMM roundness errors of a large cloud of sampled points.

Computational experiments have shown that by selecting the optimal GA parameters,
namely a combination of the five genetic parameters related to population size, crossover,
mutation, stop condition, and search space, the computation time can be reduced by up to
one order of magnitude, allowing real-time operation.

Optimization has been tested using seven CMM samples, obtained from different
machining features. The performance of the optimized algorithm has been validated using
four benchmark samples from the literature and with certified samples.

� 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Roundness is one of the main functional product fea-
tures in machining and assembly when handling, position-
ing and mating are involved.

The most used methods to determine form errors,
particularly roundness errors, are:

� least-squares (LSQ) method,
� maximum inscribed circle (MIC) method,
� minimum circumscribed circle (MCC) method, and
� minimum zone tolerance (MZT) method.

With the LSQ method, a circle is fitted to the roundness
profile using the least-squares method. The center of that
circle is used to fit the smallest circumscribed and the
largest inscribed circles to the roundness profile. The radial

separation between these two circles is the roundness
error. The LSQ method [1] is the most popular method
for evaluating the roundness error. This method has been
widely used in CMMs in view of the simplicity of its appli-
cation. For the same reason, the associated derived center
of the least-squares reference circle (LSC) is often used as
the starting point in many search methods.

With the MIC and MCC methods [2], the maximum in-
scribed and the minimum circumscribed reference circles
are respectively found.

The MIC (MCC) method also detects the smallest cir-
cumscribed (largest inscribed) circle that is concentric to
the reference circle. Their radial distance represents the
maximum inscribed (minimum circumscribed) roundness
error.

According to [3], the Tschebyscheff approximation is
the correct approach to determine standardized form tol-
erances like roundness, flatness or cylindricity deviations,
leading to MIC/MCC method for roundness profiles.

Unfortunately the roundness error evaluation with the
above methods is not the optimum, resulting in a possible
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overestimation. If the roundness error after evaluation
according to the above methods is smaller than the round-
ness tolerance, the part is always within the tolerance and
has to be accepted when testing conformance with specifi-
cation. If it is not, although CMM algorithms successfully
reject defective parts, they may also reject parts that sat-
isfy the design tolerances. For this reason, alternative
methods able to achieve a better roundness estimate may
produce economical benefits.

MZT methods deem the minimum zone reference cir-
cles (MZCI [4]), i.e. the two concentric circles with mini-
mum radial separation that contain the roundness
profile. The radial separation between these two circles is
the roundness error. By definition, MZT methods produce
optimal as well as correct solutions, because the reference
circles have the minimum radial separation. Hence, it de-
tects fewer out of tolerance parts compared to the LSQ,
MIC and MCC methods. International Organization for
Standardization [5] suggests that the MZT criterion should
be applied to evaluate roundness.

The drawback of the techniques based on the MZT
method is that it requires the solution of a non-linear prob-
lem. The complexity and consequently the computation
time of MZT algorithms are very sensitive to the number
of sample points. Due to the problem complexity increase
with the dataset size, suitable optimization algorithms are
required.

In previous works, the authors developed a fast algo-
rithms for small samples to assess the kind of deviation
on the roundness profile in order to detect critical points
such as peaks and valleys [6,7].

Among the fastest roundness error evaluation methods
to implement, already available in the literature based on
the MZT, are the steepest descent algorithm, which has
been applied for roundness evaluation [8], and a two-
dimensional simplex search method to evaluate several
form features, including roundness [9]. However, they do
not guarantee a global optimal solution for non-convex
problems.

Xiong [10] develops a general mathematical theory, a
model and an algorithm for different kinds of profiles,
including roundness where the linear programming meth-
od and exchange algorithm are used. As limaçon approxi-
mation is used to represent the circle, optimality of the
solution is however, not guaranteed.

A strategy based on geometric representation for mini-
mum zone evaluation of circles and cylinders is proposed
by Lai and Chen [11]. The strategy employs a non-linear
transformation to convert a circle into a line and then uses
a straightness evaluation schema to obtain minimum zone
deviations for the feature concerned. This is an approxima-
tion strategy to minimum zone circles.

Wang et al. [12] present a generalized non-linear opti-
mization procedure based on the developed necessary and
sufficient conditions to evaluate roundness error.

Wang [13] proposes a general-purpose algorithm for
constrained non-linear optimization problems for mini-
mum zone evaluation of form tolerances. He uses a tech-
nique similar to the sequential quadratic programming
method, verifying that an optimal solution to the quadratic

programming problem can be obtained in a finite number
of iterations.

Samuel and Shunmugam [14] establish a minimum
zone limaçon based on computational geometry to evalu-
ate roundness error; with geometric methods, exact global
optimal solutions are found by exhaustively checking
every local minimum candidate.

Other researchers like Chang and Lin [15] use the Monte
Carlo simulation method to evaluate roundness errors.

Another approach is based on the Voronoi diagram as
described by Roy and Zhang [16]; the method yields a very
accurate measurement of the roundness error, but it is
computationally intensive.

On the opposite Xianqing et al. [17] propose a mesh
based method with starting center on the LSC, where the
convergence depends on the number of mesh cross points,
representing a compromise between accuracy and speed.

As for genetic algorithms (GAs) to find the solution of
the MZT problem, as proposed in this paper, Sharma
et al. [18] use a standard GA for the evaluation of multiple
form tolerance classes such as straightness, flatness,
roundness, and cylindricity. There is no need to optimize
the algorithm performance, choosing the parameters in-
volved in the computation, because of the small dataset
size (up to 100 sample points).

Wen et al. [19] implement a GA in real-code, with only
crossover and reproduction operators applied to the popu-
lation. Thus in this case mutation operators are not used.
The algorithm proposed is robust and effective, but it has
only been applied to small samples.

Among metaheuristic methods to approach the
Chebyshev best fit criterion are swarm particle optimiza-
tion (SPO) [20] and one sided best fit by simulated anneal-
ing (SA) [21] with encouraging results.

MZT, despite its complexity, is a potential replacement
of traditional methods in industry for the mentioned
economical benefits. However, for on-line inspection the
computation time becomes a key factor. So not only the
roundness error needs to be minimized, but also the com-
putation time must be a performance index.

GAs differ considerably in conception from other search
methods. The basic difference is that while other methods
always process single points in the search space, GAs main-
tain a population of potential solutions, and so perform an
multi-directional implicitly parallel search.

The proposed GA has been tested on larger samples
than available in the literature (1800 sample points).

Larger samples available by CMM scanning techniques
allow reducing the form error estimation, but they would
require optimal GA parameters for faster convergence. On
the other hand, larger samples allow an effective tuning
in order to minimize the computation time, because the
GA parameters optimized on larger samples may provide
useful information about the behavior of GAs with few
hundreds or less sample points, like in standard CMM
applications.

The optimal GA parameters have been experimentally
evaluated on seven samples and the performance validated
on four samples from the literature and with certified
samples.
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2. The MZT method

In the MZT method, the unknown are the (x, y) coordi-
nates of the associated derived center of the minimum
zone reference circles of the roundness profile (MZCI [4]).
MZCI is formed by two concentric circles enclosing the
roundness profile, the inner minimum zone reference cir-
cle and the outer minimum zone reference circle, having
the least radial separation. The difference between the in-
ner minimum zone reference circle and the outer mini-
mum zone reference circle is the minimum zone error
(MZE). MZE is the target parameter of our optimization
algorithm as a function of (x, y).

Given an extracted circumferential line r(x, y, h), with h
2 (0, 2p], of a section perpendicular to the axis of a cylin-
drical feature, the roundness error R(x, y) is defined by:

Rðx; yÞ ¼ OCðx; yÞ � ICðx; yÞ; ðx; yÞ 2 Erðx;y;hÞ ð1Þ

where OC(x, y) and IC(x, y) are the radii of the reference
circles of center (x, y), and Er(x,y,h) is the area enclosed by
r(x, y, h):

OCðx; yÞ ¼ max
h2ð0;2p�

rðx; y; hÞ ð2Þ

ICðx; yÞ ¼ min
h2ð0;2p�

rðx; y; hÞ ð3Þ

As a CMM scans the roundness profile by sampling a finite
number, n, of equally-spaced points hi of the extracted cir-
cumferential line ðhi ¼ i� 2p

n ; i ¼ 1; . . . ;nÞ, the OC(x, y)
and the IC(x, y) are evaluated by:

OCðx; yÞ ¼ max
hi¼i�2p

n ;i¼1;...;n
rðx; y; hiÞ ð4Þ

ICðx; yÞ ¼ min
hi¼i�2p

n ;i¼1;...;n
rðx; y; hiÞ ð5Þ

Fig. 1 shows the mentioned features for a given (x, y).
MZE is evaluated by applying the MZT data-fitting

method to solve the following optimization problem:

MZE ¼ min
ðx;yÞ2Erðx;y;hÞ

Rðx; yÞ

¼
min maxhi¼i�2p

n ;i¼1;...;nrðx; y; hiÞ �minhi¼i�2p
n ;i¼1;...;nrðx; y; hiÞ

h i

subject to ðx; yÞ 2 Erðx;y;hiÞ

8<
:

ð6Þ

where Erðx;y;hiÞ is a restricted area in the convex envelop-
ment of the n equally-spaced sample points, i.e. the search
space.

3. Genetic parameters

GAs were proposed for the first time by Holland [22]
and constitute a class of search methods especially suited
for solving complex optimization problems [23].

GAs maintain a population of individuals that are repre-
sented by their chromosomes, which are made of genes;
GAs operate on the genes, which represent the inheritable
properties of the individuals, by means of genetic operators.
In each generation, the genetic operators are applied to se-
lected individuals from the current population in order to
create a new generation according to the iterative standard
scheme in Fig. 2 also used in this work.

A fitness function is assigned to an individual in order to
reflect how well a solution fulfills the requirements of the
given problem. The fitness function also makes it possible
to evolve only good solutions.

The standard genetic operators are the following:

Selection: during this operation, a solution has a proba-
bility of being selected according to its fitness. One

(x,y) 

IC(x,y) 

OC(x,y) 

R(x,y) 

Outer circle 

Medium circle 

Inner circle 

r(x,y,θ) 

Fig. 1. Roundness profile of sample no. 1 (Table 2) with 1800 equally-spaced CMM sample points and reference circles: inner, medium, and outer circles for
a given associated derived center (x,y).
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mechanism that allows fitness proportional selection is
the roulette wheel procedure. Each individual has a
chance to be selected, which is directly proportional
to its fitness in the roulette wheel. Tournament selection
is another reproduction mechanism. Tournament selec-
tion involves running several tournaments among a few
individuals randomly chosen from the population. The
individual with the best fitness is selected for crossover.
If the tournament size is larger, weak individuals have a
smaller chance of being selected. A third reproduction
mechanism is elitist selection. With this method, the
individuals are ordered on the basis of their fitness
function; the best individuals produce offspring. The
next generation will be composed of the best chromo-
somes chosen between the set of offspring and the pre-
vious population.
Crossover: new individuals are generally created as off-
spring of two parents. This method allows inheriting
genes from parents with high fitness by the selection
mechanism. One or more so-called crossover points
are selected within the chromosome of each parent, at
the same place in each. The parts delimited by the
crossover points are then interchanged between the
parents. The resulting individuals are the offspring.
These kinds of crossovers are controlled by the crossover
probability. Beyond one point and multiple point cross-
over, there exist more sophisticated crossover types.
The so-called knowledge-augmented crossover operator

constructs offspring from parents by making use of
domain knowledge related to the given problem.
Another crossover mechanism is arithmetic crossover,
which generates offspring as a component-wise linear
combination of the parents.
Mutation: a new individual is created by making modi-
fications to one selected individual. The modifications
consist of changing one or more values in the represen-
tation, or in adding/deleting parts of the representation.
In GAs, mutation is a source of variability, and is applied
in addition to selection and crossover. This method pre-
vents the search to be trapped only in local solutions.
The mutation probability controls the operator behavior.
Stop criterion: the algorithm has an iterative behavior
and needs a stop condition to end the computation.
Possible criteria include: overcoming a predefined
threshold for the fitness function or iteration number
or their combinations.

3.1. GA for roundness error evaluation

A GA to solve the optimization problem (6) for a two-
dimensional search space entails a population of chromo-
somes made of pairs of coordinates (their genes).

These genes represent respectively the x and y
coordinates of the center of the reference circles of radii
OC(x, y) and IC(x, y) (Fig. 1). A pair of genes (chromosome)
is a candidate for the associated derived center. The cross-
over operator recombines genes (parents) in order to find
better candidates of the associated derived center
(offspring).

For three-dimensional features such as spheres and cyl-
inders, a third coordinate (z), and consequently a third
gene, are required.

A fitness function defines the goodness of each chromo-
some (x, y) as solution of (6). As shown by (1), the fitness
function is represented by the roundness error R(x, y).

By applying genetic operators, the data-fitting algo-
rithm evolves from generations of 2D coordinates implic-
itly exploring the search space, until a stop condition
establishes the convergence to the associated derived
center.

4. The proposed GA to assess the MZT to large samples

GAs are able to provide a (local) optimum in all cases.
However, to improve the convergence speed towards more
accurate solutions, particularly with large samples, the ge-
netic parameters need to be tuned.

In this work we describe the configuration of the genet-
ic parameters in order to optimize the computation time
for the evaluation of a target roundness error.

The GAs performance are influenced by the following
five main parameters as detailed in Table 1:

– population size (pop),
– probability of crossover (pc),
– probability of mutation (pm),
– stability condition (N); and
– search space size (E).

Fig. 2. Standard GA scheme.
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The initial population is randomly selected around the
LSC, one individual being the LSC itself, to restrict the
search space. The LSC is used as the starting point also in
other non GA methods like the steepest descent algorithm
in [8] and the mesh based method in [17].

To stop the algorithm, the stability condition with the
mechanism described in Table 1 is proposed because the
computation time is the main focus of this work. The selec-
tion of N is a compromise between two opposites targets:
too small a value leads to an early stop of the evaluated
generations with a non-optimal solution; too big a value
guarantees the optimal solution, but causes an unaccept-
able increase in the computation time.

The total computation time can be considered as an in-
dex of the algorithm performance for a given workstation.

GA was implemented on Intel� Core™2 Duo CPU P8400
@ 2.26 GHz Workstation, using Visual C++ 5.0.

4.1. Large samples

Different materials (steel, aluminum, and marble), geo-
metrical features and processes (drilling and internal turn-
ing) have been considered (Table 2).

For each dataset, the roundness profile was obtained by
scanning a cloud of 1800 equally-spaced points on the cir-
cumference (0.2�). The samples no. 1–7 are also shown in
Figs. 1 and 3.

4.2. Explorative phase

The genetic parameters have been preliminarily ex-
plored over the range pointed out by the literature (Table
3) on the samples of Table 2:

– pop, four values: 200, 300, 400 and 500; the range 200 to
500 is higher than proposed in the literature because of
the higher complexity coming from the larger samples;

– pc, 14 equally-spaced values between 0.01 and 0.9;
– pm, 14 equally-spaced values between 0.001 and 0.04;
– N was conservatively set as high as 150;

Table 1
Genetic operators, their parameters and mechanisms.

Genetic
operator

Parameter Remark

– pop Population size
Selection – Elitist selection
Crossover pc One point crossover of the pc � pop

parents’ genes (i.e. coordinates) at
each generation

Mutation pm pm � pop individuals are modified by
changing one gene (i.e. coordinate)
with a random value

Stop criterion N The algorithm computes N
generations after the last best
roundness error evaluated rounded
off to the fourth decimal digit
(0.1 lm)

Search space E Initial population randomly selected
within

Table 2
Experimental set [24].

Dataset Diameter (mm) Process Material

1 10 Drilling Aluminum alloy
2 10 Milling Steel
3 14 Turning Steel
4 17 Drilling Marble
5 23 Turning Steel
6 25 Turning Aluminum alloy
7 39 Turning Steel

432

765

Fig. 3. Roundness deviations of samples no. 2–7 of Table 2 with the reference circles in Fig. 1.
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– E was a circle with center the LSC and radius 0.5 mm
(about 5% of the nominal diameter).

Values of pop, pc and pm greater than respectively 500,
0.9 and 0.04 have also been explored and ignored because
produced no significant improvement.

4.3. Computational experiments

The optimization of the GA parameters has been carried
out by exploring the search range defined in Table 3.

The GA has run on the seven experimental samples of
Table 2 and the average computation time on all samples
has been evaluated. The graphs of Figs. 4 and 6 show the
contour maps for the corresponding GA parameters indi-
cated on the axes of the graphs. By this trial and error ap-
proach over the search space we are able to define the
optimal GA parameters and point out guidelines on their

selection. The four graphs can also be seen as slices on
the pop axis in the three dimensional search space with
axes pop, pc and pm.

Fig. 4 is the result of 784 runs of the GA by changing the
parameters of pop, pc and pm as designed.

It can be noticed that the computation time increases
with pop in the examined range. For this reason we have
shifted the optimization range below 100.

On the other hand, lower values of the population size
do not provide sufficient accuracy in the detection of the
roundness error.

As an example, the case of dataset no. 1 is represented
in Fig. 5. R⁄ = 0.0239 mm from Table 6 has been used as
the target roundness error in the explorative search. It
can be noticed that R⁄ cannot be reached with pop = 50
for most pc and pm values as shown from the black area
in Fig. 5. For pop = 70 instead the white coverage is almost
filling the examined range of pc and pm.

Consequently pop = 70 is assumed as the lower bound
of the optimization phase discussed in the next paragraph.

5. GA optimization

As a consequence of the explorative phase, the GA opti-
mization has been carried out in the range 70–100 of pop
on the samples of Table 2.

The results of computational experiments for the GA
optimization are shown in Fig. 6.

Table 3
GA parameters from the literature.

Genetic parameter Values
from [18]

Range
from [25]a

Optimal values
from [25]a

pop 30 10–50 30
pc 0.6 0.8 0.8
pm 0.033 0.06, 0.1 0.06
Generation number 50 180–4000 4000

a For cylindricity.
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Fig. 4. GA parameters optimization: average computation time on the samples of Table 2 as a function of pc and pm for four different values of pop.
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Fig. 6. GA parameters optimization: average computation time on the samples of Table 2 as a function of pc and pm for four different values of pop and
convergence of the average roundness error for the selected parameters (left inset).

Fig. 5. GA parameters exploration: target roundness error R⁄ on dataset no. 1 of Table 2 as a function of pc and pm for two different values of pop upon an
area of promising configuration (from Fig. 4) of pc and pm.
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As for Fig. 4, Fig. 6 is the result of 784 runs of the GA by
changing the parameters of pop, pc and pm as designed.
Each run has a similar shape to the one displayed in the left
inset for pop = 70, pc = 0.7 and pm = 0.07.

5.1. Results and discussion

From the observation of Fig. 6 it can be noticed that
varying the pop value, there is always the same optimal re-
gion for pc and pm, and the same occurred in Fig. 4. This re-
gion is placed as specified in Table 4.

With regard to pop, the computation time increased
with this parameter, so the optimal value is the lowest
one: pop P 70. Smaller optimality areas are also present
(brighter areas of Fig. 6).

By comparing the performance in Figs. 4 and 6 it is clear
that an incorrect or random choice of the parameters can
lead to an increase of the computation time by one order
of magnitude, from 70 to 80 s to less than 9 s.

The optimal range in Table 4 can be compared to values
from the literature (Table 3) although we have worked
with large samples: in particular, it can be noticed that
pop increases from 30 (50 for cylindricity) to 70. It has also
been shown that a lower pop (e.g. 50 in Fig. 5) does not al-
low sufficient accuracy to the GA.

The pop increase from 30 to 70 seems a consequence of
the larger dataset.

The mutation probability pm also shows a significant
change, three times lower and over.

The reduction of pc or pm can be considered as a bene-
ficial effect, because it reduces the effect of the parameter
itself and the ‘‘entropy’’ of the algorithm. A lower pc or pm
reduces the random search and enforces the solution
search in fewer areas with higher success probability. Low-
er crossover and mutation is then beneficial for the conver-
gence speed with user defined accuracy because fewer
search areas are involved. It is then speculated that the
dataset size increase is beneficial for the GA stability. If a
larger dataset implies a lower pm (like in the current case)
and a lower pm provides higher stability to the algorithm,
it could be concluded that with larger samples the search is
less random and driven by the most promising areas. This
looks reasonable because of the higher amount of informa-
tion involved.

Fig. 7 shows the convergence of the algorithm on the se-
ven samples with the selected values of the optimal
parameters in Table 4.

The behavior of the convergence curve changes for the
different samples, because of their different nature. How-
ever, already after 10 generations, their average represents
the general trend within a range of 0.8 lm. From Fig. 7 it
can also be noticed that the major improvements on R(x,
y) are concentrated in the first few tenths of generations,
particularly before 100.

As far as the stop criterion is concerned, it has been ob-
served that the speed of convergence of the roundness er-
ror is lower than 0.1 lm per 16 generations. By increasing
N over 16 the computation time increases without signifi-
cant accuracy improvement nevertheless N can be conser-
vatively set to 30 as reported in Table 4.

For applications where the accuracy matters more than
the computation time (e.g. prototypical versus mass pro-
duction) N can be increased accordingly.

6. Benchmark tests

Three samples [24] obtained by certified software [26]
have been used to validate the proposed GA with the high

Table 4
Optimal range of GA parameters from computational experiments and
selected value used in benchmark tests.

Parameter Optimal range Selected values

pop 70–80 70
pc 0.7–0.8 0.7
pm 0.001–0.010 0.007
Generation number 40–130 –
N – 30
E – 5% of diameter

0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

100101

1
2
3
4
5
6
7

Generation

R
( x

,y
) 

[ µ
m

] 

Sample no. 

Fig. 7. Convergence of MZT for the seven samples of Table 2 with the
selected values of the optimal parameters in Table 4.

Table 6
Test phase. Roundness errors on the seven samples of Table 2 (single run
with optimal GA parameters obtained from 1568 runs). Computation time
for the LSQ method is approximately zero for all samples.

Samples LSE (mm) MZE (mm) CPU time (s)

1 0.0242 0.0239 2.6
2 0.0299 0.0262 2.6
3 0.0292 0.0273 1.3
4 0.0668 0.0666 1.0
5 0.0725 0.0667 7.4
6 0.0934 0.0925 2.7
7 0.0423 0.0391 1.1

Table 5
Test phase. Samples obtained by certified software [26] with center
coordinates (0,0), number of optimal solutions found %S and computation
time for 100 trials.

Test data Computation results

Sample size Radius Maximum
residual
deviation

%S CPU time (s)

Mean St. dev.

500 42.000 0.031 100 0.46 0.59
3600 20.000 0.020 100 4.20 4.63

11,000 35.000 0.011 99 11.70 13.36
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success rate shown in Table 5. It seems that the GA accu-
racy is not influenced by increasing the number of sample
points. With thousands of sample points, with current pro-
cessors, the computation time with the proposed GA is in
the order of the second, which is acceptable by current
industrial practice.

The GA results algorithm with the selected values of the
optimal parameters in Table 4 has been reported in Table 6
with the reference LSE obtained with the LSQ method.

The computation time in Table 6 is related to the stabil-
ity condition of N = 30 hence the total amount of processed
generations are between 40 and 130 (Table 4).

From Table 6 it can be noticed that the better roundness
error estimation is achieved by paying a low computation
time.

The proposed GA has been compared with four samples
from the literature as detailed in Table 7. Unfortunately no
large samples are available (thousands sample points ver-
sus less than hundred).

Table 7 summarizes the optimal results achieved by
other researchers. For each benchmark, the first values
have been determined by the author of the original dataset
with its proposed method [2,8,27]. The other three meth-
ods for benchmarks no. 1–3 are GAs, for comparison within
the same class of methods. Benchmark no. 4 has been
added to increase the test set.

In benchmarks no. 1 and no. 3 the MZE of the proposed
GA matches that of the better GA [19] and that of the
author of the original samples [2,8].

The MZE with the proposed GA on benchmark no. 2 is
0.0075 mm higher than that of the better GA [19] and that
of the author of the original dataset [27].

In benchmarks no. 1–3 the MZE of the proposed GA is
lower than that of the EGA in [19].

The MZE with the proposed GA on benchmark no. 4 is
0.0002 mm higher than that of the author of the original
dataset [8].

The proposed GA shows lower roundness error with
benchmarks no. 1, 3 and 4. Consequently, the worst perfor-
mance of the proposed GA on the benchmark no. 2 seems
related to its higher roundness error (almost 1 mm). With
this assumption, the proposed GA is more suitable for the
inspection of more accurate manufacturing operations.

The CPU times in Table 7 are not directly comparable
because of the different processor type. However, consider-
ing that they are in the order of 1 s, all listed algorithms
seem suitable for actual manufacturing needs.

Considering the optimal result on the small dataset
from [19], where the GA ran without mutation, and that
the computational experiments in all the search range
(pop = 70–500) detected the same optimal region for pc
and pm where pm was in the lower bound, it can be con-
cluded that mutation is not a fundamental operator for
the examined problem.

7. Conclusion

In this paper a fast algorithm for accurate evaluation of
roundness errors with large samples according the MZT
criterion has been developed.

The GA parameters optimization has been carried out
on seven samples starting from initial GA parameters taken
from the literature.

Computational experiments have pointed out the fol-
lowing outlook:

– larger dataset require higher population size values as
preliminarily conjectured;

– the literature values for the probability of crossover
have not been significantly affected by the larger
dataset;

– the mutation probability decreases with larger samples
because of the higher amount of information on the
involved part. It is also conjectured that mutation is
not a fundamental operator for the examined problem;

– a stability condition has been imposed corresponding to
a convergence speed greater than 0.1 lm per 30 gener-
ations and the stop criterion determined.

Simulations have shown that the optimal genetic
parameters lead to a significant decrease (one order of
magnitude) of the computation time (from 70 to 80 s to
less than 9 s).

The proposed GA with the optimal parameters has also
been validated with larger samples obtained by certified

Table 7
Comparison with other samples and optimization algorithms from the literature.

Data Methods MZE (mm) CPU type CPU time (s)

Benchmark no. 1 Ref. [2] 0.0085 Exact method 0.00
139 sample points Proposed GA 0.0085 Intel Core 2 Duo 0.05

GA [19] 0.0085 CMM processing unit 0.28
EGA [19] 0.0106 CMM processing unit 0.75

Benchmark no. 2 Ref. [27] 0.9574 Intel Pentium III 0.02
100 sample points Proposed GA 0.9649 Intel Core 2 Duo 0.10

GA [19] 0.9574 CMM processing unit 0.40
EGA [19] 1.0866 CMM processing unit 1.05

Benchmark no. 3 Ref. [8] 0.0382 Celeron 366 0.00
24 sample points Proposed GA 0.0382 Intel Core 2 Duo 0.03

GA [19] 0.0382 CMM processing unit 0.25
EGA [19] 0.0405 CMM processing unit 0.69

Benchmark no. 4 Ref. [8] 0.0293 Celeron 366 0.00
25 sample points Proposed GA 0.0295 Intel Core 2 Duo 0.05
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software and has been compared with benchmarks
from the literature, necessarily smaller, showing its
effectiveness.

The proposed GA can be directly applied in the shop
floor to achieve the economic benefits claimed by using
the scheme (Fig. 2) and parameters (Table 4) described in
the paper.

By reducing the computation time of the minimum
zone tolerance method, the most accurate method to eval-
uate roundness errors can be profitably applied real-time
(on-line).

The higher speed of convergence on large samples al-
lows the application of the MZT to CMM scanning tech-
niques, which involve thousands of sample points. The
optimum dataset size for a given target accuracy requires
further investigation.

Future work includes the investigation of different ge-
netic mechanisms like roulette wheel selection or knowl-
edge-augmented crossover, neglecting mutation.

To assess the generality of the optimal GA parameters
found and selection guidelines, they will be tested with
other form tolerances, like cylindricity, straightness and
flatness and with incomplete geometric features.
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