Università di Pisa

Dipartimento di Informatica

Technical Report : TR-96-13

A Fast Algorithm for Hankel Matrices Represented in Orthogonal Polynomial Bases

L. Gemignani

May 16, 1996

ADDR: Corso Italia 40,56125 Pisa,Italy. TEL: +39-50-887111. FAX: +39-50-887226

‚2~bbddii Ti^^``` ^fg ^fg ~``` ` ```` ```` ` 111 1 11+2 1 11 100 1 1 1 11 2 nn L i px i p x Hn n HLH L px On Hnnn n Tnnij n i;jii; i;i iT ii i i i i LINEARALGEBRA AND ITS APPLICA TIONS HHL H L H hn n L ln n px l ; : : : ; l ; x; : : : ; x px ¸ ; p x ¸ x ˛ px ¸ x ˛ p x ‚ p x ; AF ast Algo rithm fo r Hank el Matrices Rep resented in Orthogonal P oly- nomialBases Dipartimento di Informatic a, Universit„ a di Pisa CorsoItalia 40, 56125 Pisa, Italy. Supporte d b y 40% funds of the Progetto Analisi n umerica e matema tica com- putazional e of MURST and b y G.N.I.M. of C.N.R.. cElsevierScience Publishing Co., Inc., 1993 655Av en ue of the Americas, New Y ork, NY 10010 0024- 3795/93/ $6. 00 LucaGemigna ni 1.INTR ODUCTION Inthis article w e presen t a new e‹cien t algorithm for the solution of alinear system with a real symmetric co e‹cien t matrix whic h is a stronglynonsingular Hank el matrix with resp ect to an orthogonal p oly- nomial basis. This means that = , where = () is a real strongly nonsingular Hank el matrix and = () is a real lo w er triangular matrix suc h that the p olynom ial s () = ( )(1 ) satisfy a three-term recurre nce () = ( ) = () = ( ) ( ) ( ) ABSTRACT Considera lo w er triangul ar matrix whose ( + 1)-st ro w is de˛ned b y theco e‹cien ts of the real p olynomi al ( ) of degree suc h that ( ) is a set oforthogonal p olynomi als satisfying a standard three-term recurrence relation. Ifis a real Hank el matrix with nonsingul ar leading principal submatrices, then= will b e referred as a strongly nonsingu la r Hank el matrix with respect to the orthogonal p olynomi al basis ( ) . In this pap er w e dev elop an e‹cient ( ) algorithm for the solution of a system of linear equations with a realsymmetric co e‹cien t matrix whic h is a Hank el matrix with resp ect to a suitableorthogonal p olynomi al basis. W e then apply our metho d to the solution ofa w eigh ted ˛nite momen t problem. xxx:1{xxx(1993) 1 dddZRdd`^^ ````````` ``–K! K` fg ^`K^`fg 101 1112121101110+2 11 1 11ii nn n n nTnni iiiiinii i i i ni nTkk nij kk k k Tkkk Tkinn¸> ‚ > i RR XT X X T Tp x ii T px xIT px ¸¸ : : : ¸ :HȷH e ȷ e ii :n O n On Hx b ȷ i; : : : ; n : n O n On Mf — — ; : : : ; — ; — p x f x w x dx: Hxw x dx Hx L H L x — ; : : : ; — ; k ; : : : ; n; fx k px fx H H2with0 and 0 for 1. Thederiv ation of the new algorithm relies on a general approac h to the solutionof linear systems with structure d co e‹cien t matrices (see [11 ], [12 ], [17] and [18 ]). In fact, w e ˛rst in tro duce a suitable displacemen t op erator :ha ving the form () = whereis a real tridiagonal matrix asso ciated with the sequence ( ) . Thismatrix has the prop ert y that the c haracteristic p olynom ial of its left principalsubmatrix coincides with the monic p olynom ial asso ciated with( ), that is, det( ) = () Since( ) is a rank-t w o matrix, w e are then able to construct recur- sively the v ectors whic h satisfy = where denotes the last columnof the iden tit y matrix. The resulting algorithm, whic h will be presen te d in Section 2, tak es 5 5 + ( ) m ulti pli cations (divisions) and( ) storage. Moreo v er, b y using a standard tec hnique [11 ], the solu- tionof the equation = can b e obtained as so on as the v ectors , =1 , are found at the o v erall computational cost of 6 5 + ( ) multipli cations and ( ) storage. Hankel matrices with resp ect to an orthogonal p olynomi al basis app ear naturallyin the solution of some ˛nite w eigh ted Housdor¸ mom en t prob- lems[15 ]. Consider the solution of the follo wi ng ˛rst-kind in tegral equation withdiscrete data, == ( ) = ( ) ( ) ( ) Ifdenotes the p ositiv e de˛nite Hank el matrix with the mom en ts () along its an tidiagonals, then solving the linear system == ( ) = 1 amounts to compute the co e‹cien ts of a p olynomial ( ) of degree 1, expressed in the orthogonal basis ( ) , whic h appro xim ates the unkno wn function( ). The matrix can b e m uc h b etter conditioned than the Hankel matrix [7] and, therefore, the transition from the mo di˛ed momen t problem to the classical mom en t problem, although p ossible from atheoretical p oin t of view, is to b e a v oided. In section 3 w e will rep ort numerical examples whic h illustrate the accuracy of our algorithm when it isused for solving a ˛nite w eigh ted Housdor¸ mom en t problem.

```` ``` ` ```6» » ` fg ``` –h´´i `– hi hi ^101 1 112 2 100 1 1 1 11 2 101 111 12221100BB@1CCA0BBBBBBBBB@1CCCCCCCCCAnnnnn n kn kk kk k k k k kk k nkkkkkkkkkni i jj ikkkT kTHhh : : : h hh hh : : : h :Hk k n H px p x kpx ¸ ; p x ¸ x ˛ px ¸ x ˛ p x ‚ p x ¸> ‚ > k p x ;TxIT px ¸¸ : : : ¸ ;k ; T˛¸¸ ‚¸˛¸¸‚¸˛¸:Tp x ; p x px ; p x i j px Lk k L; x; : : : ; x p x ; : : : ; p x : 32.DERIV A TION OF THE ALGORITHM Letus consider a nonsingular Hank el matrix =..................(2.1)wherew e assume that det = 0 for all , 0 1, i.e., is a stronglynonsingular Hank el matrix. Let( ) b e a p olynomi al sequence suc h that ( ) is a real p olyno- mialof degree whic h satis˛es a three-term recurrenc e () = ( ) = (2.2) () = ( ) ( ) ( ) (2.3) with0 and 0 for 1. It is w ell kno wn that ( ) are orthog- onalp olynomia ls with resp ec t to a suitable scalar pro duct ; moreo v er, theycoincide with the appropriately normalized c haracteristic p olynom ial s ofthe leading principal submatrices of a real tridiagonal matrix , that is,det() = () 1where=1.........1Thematrix reduces to a symm etric one if the condition ( ) ( ) = () ( ) holds for an y and . This condition is clearly satis˛ed when () are orthonormal p olynomia ls. Letus denote as the ( + 1) ( + 1) lo w er triangular matrix suc h that(1) = ( ( ) ( )) y`` 6```` 0BBB@1CCCAPdXdd ````y`` ` ````````` `` ` ` ` `11101 =011 1 111() 0() 121 21 1=0() 11 11 1 1 1 1nnn n nnnniiinnn n Tnnnnn nTnn Tnnniniin nn n n Tnn n Tnnn n Tnnn n n n TT nLT L F p Fu uu:: : : : : uuux ux u HL H L : HHu ; : : : ; u h ; : : : ; h hux u x x ; Fu H H F u : Fu F p e ‹ ; :TH H T L F p H H F p L Ananon ymo us referee p oin ted out that fast algorithm s for mo di˛e d Hank el matri- cesha v e b een also describ ed in: G. Heinig, W. Hopp e, K. Rost, Structure d matrice s inin terp olat ion and appro xima tio n problem s, Wissensc haft l. Zeitsc hrift der TU Karl- Marx-Stad31, 2 (1989), 196-202 . 4Itcan b e easily seen that =( ) where() = 01 ......01 represen ts the F rob enius matrix asso ciated with the p olynom ial ( ) = ,= 0. Indi¸eren t con texts man y authors [7], [9 ], [10 ], [13 ], [21 ] ha v e recen tly consideredthe problem of solving a linear system with a co e‹cien t matrix which has the form of the the mo di˛ed Hank el matrix =Sinceis nonsingular, then there exists an unique solution to the following linear system: () = ( ) whereis an y n um b er. If w e write () = + thenit has b een pro v ed [19 ] that () = ( ) (2.4) Byreplacing () = ( ) in(2 4) w e ˛nd that =( ( ) ( ) ) dd dd d d dddd dd d d dcdd`` `` K` ^K » » ``f ` g ^`f ` g »» ``f ` g `` ` ` ` ``` ` ` ```` ` ` ````````````````11 1 1 1 111 1 1 1111 2 1 2 1 1111111121 () 1() 111+1(+1) +1(+1) 1(+1) +1(+1) (+1) +111(+1) 1(+1) +1(+1) (+1) +111() (+1) (+1) +1() (+1) +1(+1) 1(+1) nn n Tnnn Tnnn n TnTnnn n TnnTnnn n Tnnn TnnTnnkk k Tkkkk TT kkk k kkk Tkkkkk TkkTkkkk k Tkkk kTkk k kkkkkkkkkkkTkk kkkkkkkTkk k Tkkkkkkkkkkkkkk kTTH H T L e ‹ H H ‹ e L : TH H T e ‹ H H ‹ e ; He ‹ ‹ e : kk H k nTH H T ¸h; : : : ; h e e h ; : : : ; h ; ek k HT T H ¸Hr e e r H ; rh ; : : : ; h ȷȷ ; : : : ; ȷ k n He ȷ : Heȷȷȷ;: : : ; ȷȷ;; Hr ȷȷ;: : : ; ȷȷ:HT e T ȷ ¸ȷȷȷȷȷȷ; : : : ; ȷ : 5which implies =( ) Inthis manner w e obtain that =~~ or,equiv alen tly , () = ^^ (2.5)Byconsidering the leading principal submatrix of ( ), 1 2,then there follo ws that =1(^^ )( ^^ )wheredenotes the last column of the iden tit y matrix. Hence, w e canwrite =1(2.6)wherew e set = ( ^^ ). Now, let us in tro duce the v ectors = ( ) , 1 , de˛nedb y =From =( 1) we obtain that =( ) (2.7) Inthe view of relation (2.6), this impli es that =1()

`f` g ``````ddcc c„« „« „ « ````````````````Te ˛¸e¸e; ; k > ; ¸He ; ˛¸ȷT ȷ ¸ȷȷȷȷȷȷ; : : : ; ȷ : He ; fflȷ ; a ȷ ; k > ; a¸ȷȷȷ; : : : ; ȷ ¸ȷ; ¸a˛¸¸ ȷȷTȷ ; k > : ȷH ffl ffl H ȷ a aȷȷ:aeH ȷ ; a : ¸a˛¸¸ ȷȷTȷ¸ȷȷȷ¸ȷ;k > ; kk kkkkTkTkkTkTkkkTkkkkkkkkkkkkkk kTkTkTkkTT kk kkkkkkkk kTkkTT kkkkk kkkkTkkkTkkk Tkk k kkkkkkTkkTkTkkkkkk kkkkTnkkkkkkkkk111111(+1) (+1) +1() (+1) +1(+1) 1(+1) 111() 1() (+1) +1(+1) 1(+1) 111(+1) (+1) +1+1(+1) ( +1) +1+1 +1(+1) (+1) +1+1+1+11(+1) (+1) +1() (+1) +1+1116Sincew e ha v e =+ 1(0) 1 we can write 1(0) + =1() Replacingno w ( 0) b y =( 0) 1 fora certain , pro duces 1() 1(0) (2.8) =( 1+1+) 1 (2.9) Comparisonof and rev eals that is given b y =Finally, w e ma y determine b y means of (0) = (2.10) Inorder to p erform e‹cien tly these computations, w e ma y observ e that equality (2.8-9) can b e rewritten in the follo wi ng w a y: (1+1+) 0=10101

``` `fg ››` ```````````„« „ « d„« d„« d„« ddAlgorithm 1 Input:Output: kTnkkkkk kkkknTnnn kkkkkknkknknk Tnkninikkk k ;kkkkkkkk kkkkk111 211(1)1(2)221(+1) (+1) +11() (+1) +11+111111111(1)111 2 +1+1(+1) +1(+1) +1+1(+1) +1+1(+1) +1ȷn k ˛¸¸ aT ȷ¸ȷȷȷ:¸a˛¸¸ ȷȷe‹ T H ȷ¸ȷȷHȷ¸Hȷ;k > ; Hȷ ; On Hȷk ; : : : ; n Tpx Hpx ȷk ; : : : ; n He ȷ ‹ȷ=h ȷ k; : : : ; n aȷ=ȷ ȷH ȷ =ȷ e =ȷ : kkO 7wherew e extend the v ector to dimension b y adding zeros. F or = 1, we ha v e (+ 1+) 0=10(2.11)Bymeans of relation (2.5), w e ˛nd that (1+1^+) 0=10101and,therefore, w e are able to compute the v ectors ^(0) in a recur- sive w a y using only ( ) storage once w e kno w the ˛rst and the last t w o columnsof the matrix ^.Theresulting algorithm for determining the v ectors , = 1 , proceeds as follo ws: theen tries of the tridiagonal matrix asso ciated with the sequenceof the real p olynom ial s ( ); the en tries of the ˛rst and the lastt w o columns of a real strongly nonsingular Hank el matrix with respect to the p olynomi al basis ( ) . theen tries of the v ectors , = 1 , whic h satisfy =. Determine^by means of (2.5) (observ e that its last en try can b e cho osen arbitrarily). Compute = 1 ^andb y means of (2.11).Computerecursiv ely for = 2 1: 1.ev aluate b y means of (2.10); 2.˛nd the v ector b y means of (2.8-9); 3.determine b y means of ^() = Then um b er of m ultipl ications and divisions p erformed at step of theAlgorithm 1 is 11 + (1). The initiali zation phase has the cost of

6`ddddddZ```````````Proposition 2.1. 21111 1111 11 11112121101iii iinn i;j i;j i;j nn Tnkk k Tkkkkk TkkTkTkTkTkk nn nnTkk On :n O n On ¸; ˛‚ i ; : : : ; n px x TP p p ‹ Hx b b b ; : : : ; b HHȷ e ; k ; : : : ; n; eȷ k ; : : : ; n zzb =h ”b e H z ; zz ; ” ȷ ; Hz b nO n H:n O n O n Mf — — ; : : : ; — ; M f p x f x w x dx; k ; : : : ; n; Thematrix is str ongly nonsingular if and only ifthe e quations are solvable. In this c ase , . Mor e over, if the ve ctors are de˛ne d r e cursively by me ans of thenwe ˛nd that . 8() arithmetical op erations. Therefore, the n um b er of m ultipli cations anddivisions in the whole algorithm is 5 5 + ( ) and, moreo v er, it can be implem en ted using only ( ) storage. Algorithm1 generalizes some w ell kno wn fast pro cedures for solving Hankel linear systems (see [8 ] and the reference s giv en there ab out Levinson- typ e algorithm for Hank el matrices). In fact, in the case where = 1 =0 and = 0 = 1 , then the corresp onding p olynomia ls (2.2-3) become just ( ) = | whic h do not constitute an orthogonal set | and, moreov er, reduces to the shift op erator = ( ) with = . Now the solution of the equation = , = ( ) , can b e obtainedfrom the follo wi ng classical result [11 ]. == 1 =0 = 1 =^=( 0) =( 0) + =Theab o v e recursions tak e + ( ) m ultipl icatio ns and, therefore, w e are ableto solv e a linear system with co e‹cien t matrix at the o v erall computationalcost of 6 5 + ( ) m ulti pli cations (divisions) and ( ) storage.3.AN APPLICA TION TO A MODIFIED MOMENT PR OBLEM Finitemom en t problems are w ell kno wn and a wide literature exists containing n umerical metho ds for solving these problems (see [15 ], [20 ] and [22] for general reference s). Sp eci˛cally , w e are in terested in a mo di˛ed weigh ted ˛nite mom en t problem whic h consists of solving the follo wing ˛rst-kindin tegral equation == ( ) ( ) = ( ) ( ) ( ) = 1

````2XcccZcp`ppp`` pp```^` ^101 +11 =0() () 0() 1+1 110+2 [01] kii i kkikikkkk kTkk k Tkkk k Tkknij kik kkkkkk k Tkx; px ;px ; p x x px ii ii xp x ii ii px : —w x :f x fx f p x ; k ; : : : ; n fx f f ; : : : ; f Hf — ; : : : ; — ; k ; : : : ; n : HHL H L Hk k n Hxw x dx wx L k k px ; L kHkH LHcondH cond L H L < kl;w x l > condA A 9wherethe p olynomi als ( ) are the orthonormal Legendre p olynom ial s in[0 1] [1 ]. These p olynomi als satisfy the follo wi ng three-term recurre nce relation() = 1 ( ) = 2 3 3 (3.1) () = (2+ 1) 2 + 3 (+ 1) 2 + 1 (21) ( ) 2+ 3 (+ 1) 2 1 () (3.2) Thev ector is the kno wn v ector of the mo di˛ed mom en ts, ( ) is a positiv e w eigh t on [0 1] and ( ) is an unkno wn function. No w, if w e are looking for a p olynomi al appro xim atio n () = ( ) = 0 1 of( ), then w e ˛nd that the v ectors = ( ) are the solution ofthe follo wing linear systems =( ) = 0 1 (3.3) Thematrix has the form of a mo di˛ed Hank el matrix, that is, =whereis the ( + 1) ( + 1) leading principal submatrix of the th orderp ositiv e de˛nite Hank el matrix with the mom en ts () of( ) along its an tidiagonals and, moreo v er, is the ( + 1) ( + 1) lo w er triangularmatrix de˛ned b y the co e‹cien ts of the orthonormal Legendre polynom ial s ( ) on [0 1]. It is w ell kno wn that is the lo w er triangular factorof the Cholesky decomp osition of the in v erse of the Hilb ert matrix oforder + 1 [22 ]. Thematrix is usually ill-conditio ned already for small v alues of [23] so that the solution of a linear system with co e‹cien t matrix shouldb e a v oided. Ho w ev er, in [7 ] D. F asino pro v ed that is a go o d preconditionerfor in the sense that () = ( ) 2+ 1 inf( ) = 0 where( ) represen ts the sp ectral condition n um b er of the matrix , thatis, the ratio b et w een its largest and small est singular v alue.

dd``nnTl`p»» `^11TM123 2233 42HHU D U U;wx x x wx x wx x = w x = wx x sin ı x wx 10Thereis a wide recen t literature rep orting attempts to stabilize the fastalgorithms for solving linear structured systems. Most of these at- temptsare based on the k ey observ ation that, from the stabilit y p oin t of view,the a v ailabl e fast metho ds for Hank el and T o eplitz matrices p erform roughlylik e Gaussian elimina tion without piv oting. Caba y and Meleshk o [5]rep orted a full discussion ab out the stabilit y problems of the Levinson- typ e algorithm s for Hank el matrices. F urther, they dev elop ed the ˛rst weakly stable algorithm for in v erting Hank el matrices b y considering a bloc k v ersion of the Gaussian eliminatio n. Bini and Gemigna ni [2 ], [3 ], show ed that a sort of blo c k Gaussian elimi natio n can b e applied in order to factorizethe in v erses of Hank el matrices without destro ying the structure properties. F reund and Zha [8] observ ed that the Levinson-t yp e algorithm s forHank el matrices p erform p o orly when a small piv ot is encoun tered in Gaussianelimi natio n. In order to o v ercome these n umerical di‹culties, theyprop osed to compute a "w ell-conditioned" sequence of the so-called fundamental v ectors b y jumping from a w ell-conditioned leading principal submatrixto another one. Simi lar tec hniques ha v e b een also promoted b y Chanand Hansen [6], Gutknec h t [16 ], and Bo janczyk and Heinig [4 ]. Al- thoughrigorous stabilit y analyses of the prop osed algorithm s are missing, therep orted n umerical results indicate that they ha v e a stable b eha viour whenapplied to the solution of w ell-conditioned problems. In our con text, sinceall of the leading principal submatrices of are w ell-conditioned, thenthe F reund and Zha approac h reduces to Algorithm 1. In fact, con- cerningthe computation of the triangular decomp osition = , we observ e that relation (2.7) easily yields that the size of the o¸-diagonal elements of is b ounded. Indeed, this is the k ey for pro ving the n umerical stability of Gaussian elimi nation. Accordingto these observ ations, w e conjecture that our metho d is n u- mericallystable when applied to the solution of (3.3). T o substan tiate our belief n umerically w e ha v e p erformed some n umerical exp erimen ts b y us- ingMathematica on Macin tosh with mac hine-precision arithmetic, i.e., about 18 decimal digits. Belo w, w e rep ort the results concerning the fol- lowing 4 w eigh t functions on [0 1]: 1.( ) = ( + 2) (2 ) ; 2.( ) = 1 + ; 3.( ) = 1 if 0 1 2 and ( ) = 1 2 otherwise; 4.( ) = (2 )( (2 ) + 1). For eac h w eigh t ( ) w e ha v e then applied Algorithm 1 to the 12 12

924dZdddd`` 11 `` ` ` `»» » » jj` jj jj jj 11() () 1011 1112 TM121519 16 19 1111() 12;lli;jli;jij l k;l ;ll lll ;l l l;l;lklli;jij inHh hp x p x w x dx: ȷk l Hx e ››x ȷ = x : l›: : : : HHLk wx hpx p x px On HO n Themo di˛ed momen t problem in the presence of noiseOnthe Euclidea n sc heme for p olynomi als ha ving interlaced real zeros Fast parallel computation of p olynomi al remainder sequencevia Bezout and Hank el matrices 1U. Amato, M. F. Carfora, ,Appro ximati on Theory and its Appl., (1993), pp. 50-70. 2D. Bini, L.Gemignani, ,Pro c. 2nd Ann. A CM Symp. on P arallel Algorithms andArc hitectures, pp. 254-258, A CM Press, 1990. 3D. Bini, L. Gemignani, ,SIAM J. Comput., (1995), pp.63-77. 11modi˛ed Hank el matrix = ( ) de˛ned b y =( ) ( ) ( ) We denote the output v ectors as , 1 12, 1 4. W e ha v e thensolv ed the linear systems = in a stable w a y b y means of theMathematica function LinearSolv e whic h uses Gaussian elimi nation withpartial piv oting and bac k substitution. The relativ e errors are de˛nedas = T able 1 b elo w rep orts the results of ourcomputation. Table 1 12 3 4 18 10 3 9 10 2 0 10 5 9 10 Theseresults strongly dep end on the pro cedure whic h w e use for con- structingthe mo di˛ed matrix . In our exp erimen ts the computation ofthe en tries of has b een carried out b y means of n umerical quadra- turerules ev aluated with m ultiprecision arithmetic. It can b e easily seen thatthe conditioning of the matrix gro ws exp onen tially with , so that thetransformation of the mom en ts to the corresp onding mo di˛ed mom en ts isto b e a v oided (a discussion of these issues can b e found in [1]). In the practiceof computation, one should ha v e the expansion of ( ) in terms ofthe orthonormal Legendre p olynomia ls so that the en tries can b e computedb y using the w ell kno wn expansion of ( ) ( ) in terms of the same( ) [14 ]. If w e assume that the co e‹cien ts of suc h expansions are alreadya v ailable, then w e w e ma y determine the needed ( ) en tries of thematrix at the o v erall cost of ( ) arithmetic op erations. REFERENCES

12101413648012672188/1893758Am ulti-step algorithm for Hank el matrices Aw eakly stable algorithm for P ad « e appro ximan ts andthe in v ersion of Hank el matrices Alo ok-ahead Levinson algorithm for inde˛nite To eplitz systems Preconditioni ng ˛nite momen t problems Alo ok-ahead algorithm for the solution of general Hankel systems Rationalin terp ola tion at Cheb yshev p oin ts Manipulati ng p olynomi al s in generalized form E‹cient solution of Linear Systems of Equationswith Recursiv e Structure E‹cient Algorithm for T o eplitz plus Hank el Ma- tricesFast In v ersion of Cheb yshev-V andermond e Matri- cesTable of in tegrals, series and pro ducts OnComputational Applica tion s of the Theory of Momen t ProblemsStablero w recurrences in the P ad « e table and genericall y superfast lo ok-ahead solv ers for non-hermitian T o eplitz systems AlgebraicMetho ds for T o eplitz-li k e Matrices and Op er- atorsDisplacemen t Structure: Theory and Applicati on s Lyapuno v, B « ezout and Hank el 4A. Bo janczyk, G. Heinig, , J. of Complexity , (1994), pp. 142-164. 5S. Caba y , R. Meleshk o, ,SIAM J. Matrix Anal. Appl., (1993), pp.735-765.6T. F. Chan, P . C. Hansen, ,SIAM J. Matrix Anal. Appl., (1992), pp. 490-506. 7D. F asino, , Pubbl. I.A.G.A., CNR, Firenze1994. T o app ear in J. Comput. Appl. Math.. 8R. W. F reund, H. Zha, ,Numer. Math., (1993), pp. 295-321. 9L. Gemignani, , tec h. rep ort. In preparation.10L. Gemignani , , tec h. rep ort. Inpreparation. 11I. Goh b erg, T. Kailath, I. Koltrac h t, ,Linear Algebra Appl., (1986), pp. 81-113.12I. Goh b erg, I. Koltrac h t, ,In tegral Equations and Op erator Theory , (1989), pp. 136-142. 13I. Goh b erg, V. Olshevsky , ,Numer. Math., (1994), pp. 71-92. 14I. S. Gradsh teyn, I. M. Ryzhik, , Aca- demicPress, New Y ork, 1965. 15S. A. Gustafson, ,Ro c ky Moun tain J. of Math., (1974), pp. 227-240. 16M. H. Gutknec h t, ,Linear Al- gebraAppl., (1993), pp.351-421. 17G. Heinig, K. Rost, ,Birkh- auser, Boston (MA), 1984. 18T. Kailath, A. H. Sa y ed, , SIAMReview, (1995), pp. 297-386. 19V. Pt« ak , , Linear Algebra Appl., (1984), pp.363-390.

133319336720G. Ro driguez, S. Seatzu, ,J. Comput. Appl. Math., (1990), pp. 233-244.21K. Rost, ,Linear Algebra Appl., (1993), pp.151-172. 22G. T alen ti, , In v. Prob.,(1987), pp. 501-517. 23E. E. T yrt yshnik o v, , Numer. Math., (1994),pp. 261-269. Numericalsolution of the ˛nite momen t problemin arepro ducing k ernel Hilb ert space GeneralizedCompanion Matrices and Matrix Represen tatio ns for Generalized Bezoutians Recov ering a function from a ˛nite n um b er of momen ts How bad are Hank el matrices?