Università di Pisa

Dipartimento di Informatica

Technical Report : TR-97-03

GCD of polynomials and Bezout matrices

Gemignani L.

January 13, 1997

ADDR: Corso Italia 40,56125 Pisa,Italy. TEL: +39-50-887111. FAX: +39-50-887226

~~PXPP ZZZZ11 ```` »» ` »» ` 11 `` ``` »» 112– fk k k k g 2– jj jj fk k k k g ``jj k k k k2GCDof p olynomi als and Bezout matrices Abstract1Intro duction 2Prelimina ries 24 2 2 +1 21 =12242 12 1 52 12 1 262 2 7 2 2 =111 01 0 1 12142 25 2 2=0=0 ni j niiin nin iin innnni;j ni;ji;jij nn n n nn jj n j i;jn i;jn nn n n nniiimiiinLucaGemignani Dipartimento di Informatica, Univ ersit„ a di Pisa CorsoItalia 40, 56125 Pisa, Italy . Supported b y 40% funds of the Progetto Analisi n umerica e matematicacomputazionale of MURST and b y G.N.I.M. of C.N.R.. ux v x xu x n v x On O n n l lu x ; v x ux v x x u x n vx ux v x Hh vx =u x h x o x ux v x HO n On h On h On On Hnl lu x ; v x On l n O n l n HBu x v x Bb ; ux v y v x u y xy bx y : JB J J ux vx px u ; p x xp x u ; px xp x u ; j ; : : : ; n: On nbB n u x vx ux v x O n l nO n l nJB J H Hux u x v x v x xn m ux uAnew algorith m is presen ted for computing an in teger p oly- nomialsimilar to the GCD of t w o p olynomial s ( ) and ( ) [], deg ( ( )) = deg ( ( )). Our approac h uses structuredmatrix computations in v olvi ng Bezout matrices ratherthan Hank el matrices. In this w a y w e reduce the com- putationalcosts sho wing that the new algorithm requires () arithmetical op erations or ( (log + )) Bo olean operations, where = max log ( ( ) ) log ( ( ) ) . Theproblem w e w an t to study in this pap er is the e‹cien t computationof an in teger p olynomi al simila r to the GCD of tw o p olynomi al s ( ) and ( ) [ ], deg ( ( )) = deg( ( )). P olynomia l GCD-algorithms o ccur in rational functionarithmetic to k eep the "quolyn omia ls" simpli ˛ed [14],in squarefree and shiftfree factorizations [15], [17], and inthe Hensel construction [18]. Recently man y authors [4], [16 ], [1], [3], [2] and [7] ha v e proposed GCD-algorithms based on a matrix approac h in- volving Hank el matrices constructed starting from the co ef- ˛cients of ( ) and ( ). These algorith ms also giv e a w a y forev aluating the inertia and the signature of Hank el matri- ceswhic h is of great in terest in most of the basic algorithms ofreal algebrai c geometry . The fo cus of all these studies is onthe equiv alen ce b et w een the computation of a triangu- larfactorization of the Hank el matrix = ( ), where () ( ) = + ( ), and Euclid’s algorithm appliedto ( ) and ( ). As sho wn in [7], an in teger triangu- larfactorization of can b e computed using ( ) arith- meticalop eration or ( log (max )) Bo olean timein the a v erage case and ( log (max )) inthe w orst case. Here and hereafter w e assume that the classicalalgorith m with cost ( ) is used for m ultipl ica - tionso v er of in tegers of length ( ). Since the maxi- mum length of the en tries of is dominated b y where =max log ( ( ) ) log ( ( ) ) , this means that we are able to solv e the p olynomi al GCD problem in time (( + log )) or ( ( + log )) in the w orst case. Comparableupp er b ounds are obtained in [4] and [16]. Inthis pap er w e dev elop a new algorithm whic h leads to ab etter upp er b ound to the Bo olean time. This impro v- ment is ac hiev ed b y replacing with the Bezout matrix associated with the p olynomia ls ( ) and ( ), that is =( ) () ( ) ( ) ( ) =Thesolution of linear algebra problems in v olv in g Bezout matriceshas b een giv en a new in terest in connection with quanti˛er elimin atio n problems (see [13] and [10]) and real root coun ting problems (see [8] and [9]). Speci˛cal l y , w e sho w that an in teger blo c k triangul ar fac- torizationof , where is the p erm utation matrix having 1 on the an tidiago nal , yields the co e‹cien ts whic h expressan in teger p olynomi al similar to the GCD of ( ) and( ) with resp ect to the p olynomi al basis de˛ned b y () = ( ) = ( ) + () = ( ) + = 2 Bymeans of structured matrix tec hniques suc h a factor- izationcan b e computed e‹cien tly using only ( ) arith- meticalop erations. Moreo v er, using Hadamard’s inequali t y , we estimate an essen tiall y linear gro wth rate for the length ofthe en tries of the triangula r factors b y pro ving that the lengthof the largest en try is b ounded b y log (max ).Since the en tries of are b ounded b y 2 ( ) () , our metho d determines an in teger p olynomi al sim- ilarto the GCD of ( ) and ( ) at the cost of ( ( + log)) Bo olean op erations in the a v erage case and ( ( + log)) Bo olean op erations in the w orst case. Finally , w e observ e that is congruen t to and, therefore,within the same computation al cost our approac h alsodetermines the inertia and the signature of . Let( ) = and ( ) = b e t w o p olyno - mials[ ] of degree and , resp ectiv ely . F or the sak e ofnotational simpli cit y assume that ( ) is a monic p oly- nomial,that is, = 1. W e asso ciate a family of Hank el t``1+1+1+1+1+1+1+1+11^```1`^^````` `````` ``iii iiiii iiii iiijjjjjjjjjj Rrr r 0r—r 0R—r 00—r ~r ~ r ~ r ~r r —r pq p q rr r 002»6» » 6 » 2–2`‚6»» `» » »» fg hi `» » ` 6hi »» » hi ``h i »» ` `»» ` 0BBB@1CCCAX“” ! 0B@1CA0BBB@1CCCA ! “” 0@1A0B@1CA0B@1CA0B@1CAXȷXX„« kkk kkkk k iiinnnlmj i nnn ni iTnli‹‹ ii i iiii ii i ‹immimm mmnmm imTmmilinnTnTnjj j j j jj j‹‹ij;i ijj kjhiji jkjhjjjhk ‹ jjjj;k j‹ik j;i ij‹k jjm‹‹ij;i imj m Tn12 2+12 1 11+=1101 11 11() 1() 1() 2() 1() 2() () 1+1() 1+1+1201 +1+1 1+11=011 10 +1+1 1 +1+1 +11=0+1+1+1+1 +1+1(+1) ++2 (+1) 1() 1+1(+1) 1=+1 +11+1+11=0+1+1 +1 1HZ k ; ; : : : Hhh : : : h hhh : : : h ;ux v x vx xux hx : Hux v x HHm< m < : : : < m n Hi l H j m ; j n HR R; : : : ; ; ; ; i ; RH R D ; DDDD‹m m Dddd dd : : : d ;d : Hd ; i l ; Hhh;i l ; R; ; : : : ; qx xxx; i l : qx ffi; H ; ffi xx; xx;nqx ; q x ; qx c x q x ˛ q x ; j l ; cx ‹ cx x c x : cx ˛ ij xq x ; x q x k‹ h ‹ i j k ; h ‹xq x ; x q x ;k h < ‹ d; ˛dd;cdcx q x ; x q x ; k‹ Pc P ˛ ; jl P PI;matrices, = 1 2 , =.....................withthe p olynomia ls ( ) and ( ) b y considerin g the for- malp o w er series () () =Analyzing the prop erties of the matrix allo ws us to give a matrix form ulation of computing p olynomi al GCD. Infact it can b e sho wn that the greatest common diviso r of () and ( ) is univ o cal ly determined b y a suitable v ector inthe k ernel of the matrix [2 ]. Suc h a v ector can b e determinedb y means of a recursiv e pro cedure whic h ˛nds a generalized triangular factorization of . Let0 = b e the in tegers suc h thatdet = 0, 1 and det = 0 if = . Theblo c k triangular factorization algorith m [11] applie d to produces an upp er triangular matrix , =( ) = 1=1 2 such that =where=...0isa blo c k diagonal matrix. The diagonal blo c k , =, is a lo w er triangular (with resp ect to the antidiag onal ) Hank el matrix =.........=0 Itis in teresting to p oin t out that this blo c k triangular factorizationis not generally unique. Ho w ev er, since 1= 12(1) and=...1(2) thenan y upp er triangula r factor ~=( ) satis- ˛es= . Letus in tro duce the p olynomi al s () = 1...+0 Itis w ell kno wn (see [6]) that ( ) de˛nes a set of or- thogonalp olynomi al s with resp ect to the symmetric bili near form== 1...=1...onthe space ˝ of p olynomi al s of degree less than . More- ov er, these p olynomi al s satisfy a three-term recurrence rela- tion,that is, () = 0 ( ) = 1 (3) () = ( ) ( ) ( ) 0 1 (4) where( ) are monic p olynomi al s of degree , () = + Boththe co e‹cien ts of ( ) and can b e computed b y imposing the orthogonali t y condition s. In fact if = w e hav e that () ( ) = 0 forand . If, otherwise, = and then() ( ) = 0if + 1; elsewhere;holds.Hence, w e obtain that =(5) and=1() ( ) (6) with0 1. Inorder to compute these scalar pro ducts e‹cien tly w e may observ e that (4) can b e view ed in matrix form as =( + ) (7) for0 2, where denotes the shift op erator, =0

`jlii jjjjj +1+1+1+11``` `` ``` `` ````eh he ehr—r Zee eZZZuuu ^`` 2``^^`»» ``2bj j c ^^ `3Constructing a p.r.s. asso ciated with 0BB@1CCAX0B@1CA0B@1CA0B@1CA0@1A0@1A0B@1CA0@1AnX0@1A+121 +1+1+12=111 12 21+11+101 0 1 101011101+1+111=0+1+1 +1 01jnTnn tt njn nnnm jlm ll lni;j ni;ji;jij nn nn n n nnnnnn n n n n n n nn nnn n Tnn n nn nTnn m nTmi injj n j nn nnTnTnn n n n n nn n ljmnn‹‹ij;i inn m j m nIj j HP P H ; jI hh;Hn‹qx O n qx aq x ar x ux v x ux r x q x : Bb n ux v x bx y ux v y v x u y xy :HB BB H B ; Bn n ux Bu; uu : : : u uOu:Jn n i;j j n i i;j n JB J J B H B J : JB HJB J UJ B J U D BJ U R: xxBJ U xxRq x ; Uqx px ; p x xp x u ; px xp x u ; j ; : : : ; n: xpx px Fpx px px ;px ; : : : p x FP uu:JB J J B J JB J Uqx ux vx zL z Lz ;z z; ab L a L b mUJB P c P B J ˛ : px px andis the iden tit y matrix. Since w e ha v e =whereis the -th column v ector of and =...0itfollo ws that w e ma y compute with the cost ofarithmetical op erations. Th us, com binin g relations (5),(6) and (7) one readily obtains an algorithm for deter- mining( ) or, equiv alen tl y , whic h requires ( ) arithmeticalop erations. In[7] this approac h has b een used for devising a fast algorithmfor the gcd computation. P erforming the compu- tationso v er the in tegers w e ˛rst determine an in teger p oly- nomialsimila r to ( ), that is equal to ( ) for a certain .Then w e ˛nd a p olyno mial similar to the GCD ( ) of( ) and ( ) b y observing that [2] () = ( ) ( ) (8) Inthis pap er w e prop ose an alternative approac h based onthe computation of a generali zed triangul ar factorization ofBezout matrices rather than Hank el ones. The reduction ofthe Euclid ean sc heme to computing a generalized blo c k triangular factorization of a Bezout matrix has b een already consideredin [2]. Ho w ev er, di¸eren tl y from [2] where a di- videand conquer strategy is used for the fast parallel compu- tationof a p olynomi al remainder sequence o v er an arbitrary ˛eld,in the next section w e dev elop a sequen tial algorithm which runs o v er an in tegral domain. ABezout matrix = ( ) of order can b e easily associated with the p olynomia ls ( ) and ( ) b y setting =() ( ) ( ) ( ) Aclassical result relating the matrix and sa ys that =^^ (9)where^denotesthe Bezout matrix asso ciated with () and 1, namely , (1) = ............Letdenote the p erm utation matrix ha ving 1 in thean tidiago nal , i.e., its ( ) en try is 1 for = + 1, 1; then (9) implies that =^^ Now, since ^isa lo w er triangular matrix there follo ws thata generalized blo c k triangula r factorization of im- meadiatelygiv es an analogous decomp ositio n of , =, where ^=(10) Thus w e ˛nd that 1...=1...=( ) which means that suitable columns of de˛ne the co e‹- cients whic h express the p olynomi al s ( ) with resp ect to thep olynomi al basis () = 1 ( ) = ( ) + (11) () = ( ) + = 2 (12) Thesep olynomia ls form the so-called Horner basis (called alsocon trol basis in [12]) b ecause they naturally app ear in evaluation of a p olynomial b y means of the Ru‹ni-Horner algorithm.An algebraic viewp oin t to Bezout matrices as matricesrepresen ting quadratic form with resp ect to the Hornerbasis app eared in [5]. This also leads to a general- izationof Bezout matrices and their prop erties to the m ul- tivariate case. In a linear algebra setting the Horner basis canb e asso ciated with the c haracteristic p olynomi al s of the leadingprincipal submatrices of a certain Hessen b erg ma- trix.In fact, (10) and (11) can b e view ed in matrix form in thefollo wing w a y: () ...() =() ...() +0...0() (13)which sa ys that ( ) ( ) coincide with the leading principal submatrix of the mo di˛ed F rob enius matrix =+ ...(14)Inthis section w e ˛rst describ e a fast metho d for computing thematrix and, therefore, for determinin g the co e‹cien ts of( ) in the Horner basis. W e recall that in the view of (8)these co e‹cien ts univ o cal ly determine the GCD of ( ) and( ). Then w e consider a suitable v arian t of our metho d which only p erforms computations o v er and ˛nally w e present a cost analysis in a Bo olean mo del of computation . If, w e de˛ne ( ), its length, b y () = 1if = 0; log+ 1 elsewhere. We assume that the classical algorithm is used for m ultipl i - cationso v er and, therefore cost( )= ( ) ( ). Inthe view of (7) and (10) w e easily ˛nd that the + 1-stcolumn of is equal to ^(+ ) ^Byreplacin g the p olynomi al v ector () ...()

```` ``````````` `````` ^^ 0@1A0@1AXX XX ! “” 0@1A ! ! X```»» ` `hi »» ` K! K` K` ` ` `` ` »» `» » ^»» »» 2» » ``+1+1+1 +11 +1+11+1+111 +1+1111+2+1 +1+1+2+1 +1+1+1+11 +1+1+1+2+1 +1+1+1+1+1jjj jjj jjjjj jji jiji jjj jjj jjjjjj j jjiiii iii iiiii iijj jjjj jjjjjj jjjjjj jjjjjewe we u uu weu uu u rr uu uu uu uu uu RR ew w e e^ w ^ w e — w e e — w ^w — w uu e — w u uu— w Z—u 00—u ~u —u 0^u —u 0Z~u ~u u 1101111=0+11=0() +1+1+1 () +1+1 +1=0+1+1 +1 +1+1+1+1 +1+1+1+1 1+1+1 1+1+1 =+1+1 1+1+1+1+1 +1 +1+1+1+12+1() 1+11+1 +1+1() 1+1+1+1() 1(+2) 1(+1) 12+1 =0(+2) 1(+1) 12+1+1 (+1) 12+1 +1+1 (+1) 1+1+1 +1 +1 (+2) 1(+1) 12+1 (+1) 1() 1+2+1JB xJB F J B P uu;JB F J B ux FB J P B J P ; Fc F ˛; ;i ‹ ; UcF ˛ ; ccx b xq x ; x q x PH P PJ B J P FJ B J F ˛FJ B J FJ B J ;cF J B J F ; k‹ AF A AF : JB J P J B J J B J P JB P H H P B J ; AFF A ; AFOn A˛ cx On‹ O n UJB J d ; i l ; JB J bb;i l ; Aj j AJ B J B b Bd;i l ; B; i l ; zBd;i l : „BdBd;BdBdcF Bd„˛ : BdBL‹ ‹ ‹ = „˛ BdBdddzB z z : nn nnn n n TnnTnn n n TT nnn n n T‹‹ij;i Ti‹ijiTni mmj m jiTni mj m‹ij;i Timj m j;‹ jj kjhikmTnhmTmkT nn n hmTkmTnn n ThmjT‹mTnn n m T‹mTnn n m ‹ik j;i TimTnn n T‹k mjnn n n Tnn n TnTnn n n n n Tnnn Tnn n TT nTnnTTmm n TmTmmj jjnn n m minn n m m ;mm;m jnn n n i;j mnm immn m minm ijnm jnm j‹‹inm jnm j‹j;i Timnm j‹mj j m nm j‹Lnm jj j j jj nm jnm j‹jjLjn m ‹‹jjwith^1...into the relation (13), w e obtain that (^)^=+ ...thatis, ( ^)^coincides with the F rob enius ma- trixasso ciated with ( ). In this w a y w e conclude that += ( ^)^=~which implies (+ + ) = =forcertain v ectors . Since w e ha v e =0 0 1 thenw e arriv e at the follo wing recursions for the columns of ,=(15) wherew e set = 1. Againb oth the co e‹cien ts of ( ) and can b e ev al- uatedb y imp osing the orthogonali t y conditi ons. W e ob- serve that the scalar pro duct ( ) ( ) can b e ev al- uatedin matrix form as ( ) . Equiv a- lently w e can write ~~ which giv es () . In the view of (5) and (6) we therefore ha v e =() () (16)and() = 0 (17) with0 1. Inorder to compute these scalar pro ducts e‹cien tly w e considerthe displaceme n t op erator : , () = Observe that () = ( ~)( ~)= =^() ^+= forcertain v ectors and . This impli es that =+ ( ) and,therefore, the v ector can b e computed at thecost of ( ) arithmetical op erations whenev er w e kno w and. In this w a y w e are able to ev aluate and theco e‹cien ts of ( ) at the o v erall computational cost of( ) whic h leads to an ( )-algorithm. Asuitabl e v arian t of this algorith m only p erforms com- putationso v er . Analogously with (1) and (2), w e ˛nd thatthe columns of solv e certain linear systems, namely , () 1 = 12(18) and() = ~...~1(19) wherew e denote as the leading princip al submatrix ofa giv en matrix and, moreo v er, = ~=( ~).Cramer’srule appli ed to these linear systems sa ys that the vectors =det( ~)12 and=det ( ~)1 1 hav e in teger en tries. This also impli es that =det(~)2Bym ultipl yi ng (15) b y =det(~)(det(~))we obtain that det( ~)(det( ~))= =( det(~))+ Sincew e ha v e det(~)() =( 1) det( ~)with= + ( + 1) 2, there follo ws that =det( ~)(det(~))= =( 1) (det ( ~))

``XXP``` ^`»» ```` `»» 1»» »» ````2» » `2`6»» `6`»j j »» ` ^»j j j j k k jj jj jj jjjjjjjjjjjjjjjjjjjjjjjjjjj jjjjjjjjjj iijj jj jjjj jj jjjjii jjjjjjjjjjjj ~u ~ u ~u ^u ~u ~u ~u ~ u ZAlgorithmInput:Z Output:~ u ^u ~u ~ u ~u ~ u ^u ^u ^ u ~u ~ u ~u ~u ^ u xw ~u ~ u w~u ~ u wx +1+1+1+1+1+1+1+11+2+1+1+1+1+1+1+1+1+11+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1 +1+1+2+1+1+1+1+1+1+1+1+1 zz z c F zB z : dzBz c F Bz : cB z c ; cB B z c : ccF J B J F Bz :c; k ‹ ; cBB z : BBBJ B J h‹ FJ B J FJ B J zBci ‹ k‹ FJ B J ; FJ B J BBd z m< n aLa nnn b : ck‹ Tc ; Tt ; t t ‹ ‹ tF J B J F ; wwF J B J F : cT ‹c c : cn a b u x ; Lc O ‹ L a : On‹ L a On ‹ L a ‹ ‹ ‹ OOn b On b 2+1 +1+1=0+22+1+1+1 +2+1+1(+2) 112+1 +1+1=02+1+1+1 +1+1+1+12+1+1+1+1+1+1=+1 +1+1 1+1+1+1+1 +1+1+1+1+1+1+1 +1+1 +1+1+1 +1+2+1+1 +1+1 21 (+2) 1+2+1+1+1+1 1+1+1+1+1+1 +1 +1+1 1+1+11+12+1+1+1+12(+1) 2 12+1+1 2+1222 42 152 1‹jm‹ij‹jj;i TimLjn m ‹‹jmj‹‹jm‹inm ‹jj;i TimLnm ‹‹jmj;i n m ‹jj;i j;i Lnm n m ‹‹jj;i j;k ‹ik j;i TimTnn n T‹k mnm j j;k j j;k Lnm n m kk jnnnn mmnn n n jThmTnn n m ThmTnn n m jnm j;i j mjTkmTnn n m ThmTnn n m knm knm jkL jmjmm i;jn i;jj;k jj;‹ h;kh;k h k j j hk Thk mTnn n T‹miiTimTnn n T‹m‹= j‹j;‹ ‹i;jn i;j‹j;i j jii;jn i;ji;jn i;jThisgiv es the relations =+ +(1) (det ( ~)) (20) Bydivid in g eac h side b y ( ) w e obtain that ==det( ~)+ +(1) (det( ~)) (21) Regardingat the computation of the quotien ts, w e observ e thatthe co e‹cien ts ~= det ( ~)canb e written as ~= ( 1) det ( ~)(det( ~)) From (17) it follo ws that ~ is equal to ~( ) det(~)Byinducti on w e can then pro v e that ~0 and,moreo v er ~ is simila r to (1) det ( ~)(det( ~)) Inthis w a y w e arriv e at the follo wing algorith m whic h computeso v er the in tegers the co e‹cien ts represen ting a p.r.s.asso ciated with ~withresp ect to the Horner basis. aBezout matrix . thein teger en tries of the v ectors and which de˛ne an in teger blo c k triangular factorization of~=. 1.compute = 1 suc h that () = 0; 2.compute () =det( ~); 3.determine the co e‹cien ts ~ , 0 , and thencompute b y means of (21); 4.compute = 1 suc h that () = 0 andthen compute (() ) (det( ~)) ==det ( ~)( ) = ( 1) ; 5.determine as at step 3 b y means of (20) and if+ 1 then return to step 1. Concerningthe cost analysi s of this algorithm w e ˛rst no- ticethat Hadamard’s inequal it y allo ws us readily to b ound thelargest en try of the v ectors and . Namely , we ha v e that () (+ 1) 2log( + 1) + ( + 1) log ( max ) Thenw e estimate the length of the co e‹cien ts of the quo- tients b y observing that (17) sa ys that the co e‹cien ts ~ , 01, satisfy a suitable linear system. This sys- temhas the form =~ where= ( ) = is a lo w er trian- gularT o eplitz matrix with in teger en tries =( ) andis an in teger v ector with en tries , =( ) Letb e the maxim um of the magnitude of the en tries of andthen w e ˛nd that ev ery co ordinate of is b ounded inmagnitude b y ~Sincew e ha v e max( ( ) ) we obtain that (max) = ( ( )) Thereforew e ma y p erform one step of our algorith m using only( ( ( )) ) Bo olean time whic h giv es the o v erall Boolean cost of ( ( ( )) ) with = max . Since is typicall y (1) the cost of our algorith m is (log ( max )) andit can increase to (log ( max )) incertain pathologi cal cases.

»» 11 11 142 25 2 2 ni;jn i;jnnnnjj » k k k k fk k k k g 4Conclusions and further extensions ReferencesBux v x bn u x v x : ux v x O n l nO n l n lu x ; v x : ux vx Bu x vx B ux v x BBOnthe Euclid ean sc heme for polynomial s ha ving in terlaced real zeros Fast parallel computation of polynomial remainder sequence via Bezout and Hank el matricesImprov ed parallel computationswith matrices and p olynomi al s, Po w er series remainder se- quencesDualiteet algorithmes iteratifs p our la resolutionde systemes p olynomi aux Alo ok- ahead algorithm for the solutionof general Hank el Systems SolvingHank el Systems o v er the In te- gers,Computationally e‹cien t appli catio ns of theEuclidea n Algorithm to zero lo cation Solving the real ro ot coun ting prob- lemvia Bezoutians Acom binatori al algorithm solv- ingsome quan ti˛er elimina tion problems Onthe partial realizati on problemBezoutiansQuanti˛er eliminati on for form ulas con- strainedb y quadratic equations Generalized p olynomi al remainder sequences Computingrational zeros of in tegral p olyno - mialsb y p-adic expansion GCDof p olynomi al s and Hank el matricesOnsquare-free decomp ositio n algo- rithmsTheHensel Lemma in algebrai c manip- ulationTheco e‹cien ts of are w ell b ounded in terms of the coe‹cien ts of ( ) and ( ). Sp eci˛cal ly , w e ˛nd that max2 ( ) ( ) Thisleads to an algorithm whic h computes the co e‹cien ts withresp ect to the Horner basis of an in teger p olynomi al similarto the GCD of ( ) and ( ) at the cost of ( ( + log)) in the a v erage case and of ( ( + log )) in the worst case, where =max log ( ( ) ) log ( ( ) ) Inthis pap er w e ha v e dev elop ed an algorith m whic h solv es thep olynomi al GCD problem for t w o p olynomi al s ( ) and () b y constructing an in teger blo c k triangul ar factoriza- tionof a certain Bezout matrix asso ciated with ( ) and( ). Since the size of the en tries of is w ell b ounded interms of the co e‹cien ts of ( ) and ( ) , w e ˛nd that ourapproac h impro v es the computational p erformances of theother prop osed algorithms in v olvi ng Hank el matrices. Moreov er, the computed decomp osition of yields infor- mationsab out the inertia and the signature of . These computationsare imp ortan t in solving ro ot coun ting prob- lemsand quan ti˛er eliminati on problems and, therefore, in- vestigation s of the use of our algorithm in those con texts would also b e in teresting. This will b e the topic of subse- quent pap ers. [1]D. Bini, L. Gemignani , ,Pro c. 2nd Ann.A CM Symp. on P arallel Algorithms and Arc hi- tectures,A CM Press, 1990, pp. 254-258. [2]D. Bini, L. Gemignani , ,SIAM J. Comput., 24 (1995), pp. 63-77. [3]D. Bini, L. Gemignani , V. P an, Proc. 18thICALP , Lecture Notes in Computer Science, 510 (1991),Springer, Berlin, pp. 520-531. [4]S. Caba y , P . Kosso wski, ,J. Sym b olic Comp., 10 (1990), pp. 139-163. [5]J. P . Cardinal, ,Do ctoral Disser- tion,Univ ersit y of Rennes I, F rance (1993). [6]R. F reund, H. Zha, ,Numer. Math., 64 (1993),pp. 295-322. [7]L. Gemignani , J.Sym b olic Computation, 18 (1994), pp. 573-584. [8]L. Gemignani, ,Linear Alge- braAppl., 249 (1996), pp. 79-91. [9]L. Gonz« alez-V ega, ,TR. 12-1993, Departamen to de Matematicas,Estadistica Y Computacion, Univ ersidad deCan tabria, Spain. [10]L. Gonz« alez-V ega, ,"25 Y ears ofQuan ti˛er Elimin atio n and Cylindrica l Algebraic Decomposi tion ", T exts and Monographs in Sym b olic Computation,Springer-V erlag,(199 3). [11]W. B. Gragg, A. Lindqui st, ,Linear Algebra Appl., 50 (1983), pp. 277-319. [12]U. Helmk e, P . A. F uhrman, , Linear Algebra Appl.,122 (1989), pp. 1039-1097. [13]H. Hong, ,Pro ceedings ISSA C- 93,A CM-Press. [14]R. Lo os, , Computeralgebra sym b olic and algebraic computa- tions,B. Buc h b erger, G. E. Collins, R. Lo os, eds., Springer,115-137 (1982). [15]R. Lo os, ,SIAM J. Comp., 12 (1983), pp.286-293. [16]J. R. Sendra, J. Llo v et, ,J. Sym b oli c Comp., 13 (1992), pp.25-39. [17]D. Y. Y. Y un, ,SYMSA C, 1976, pp. 26-35. [18]D. Y. Y. Y un, ,Ph. D. Thesis, Dept. of Ma., MA C-TR-138, M.I.T.,1974.