Universit àdiPisa

Dipartimento di Informatica

Technical Report : TR-97-12

Lifting complete orders to achieve co-additivity of closure operators

Roberto Giacobazzi, Francesco Ranzato

June 25, 1997

ADDR: CorsoItalia 40,56125Pisa,Italy. TEL: +39-50-887111. FAX: +39-50-887226

Lifting Complete Orders to Achieve co-Additivity of Closure Operators

Roberto Giacobazzi Dipartimento di Informatica

Università di Pisa Corso Italia 40, 56125 Pisa, Italy

giaco@di.unipi.it

Francesco Ranzato Dipartimento di Matematica Pura ed Applicata Università di Padova Via Belzoni 7, 35131 Padova, Italy

franz@hilbert.math.unipd.it

Abstract

We define the notion of meet-uniformity for closure operators on a complete lattice, which corresponds to co-additivity restricted to subsets mapped into the same element, and we study its properties. A class of closures given by principal filters and the downward closures are relevant examples of meet-uniform closures. Next, we introduce a lifting of a complete order by means of a meet-uniform closure. Our main results show that this lifting preserves the complete lattice structure, and allows the meet-uniform closure to become fully co-additive.

Mathematics Subject Classification (1991): 06A15, 06A23.

Keywords: closure operator, co-additivity, meet-uniformity, lifted complete order.

1 Introduction

We introduce the notion of meet-uniform (upper) closure operator on a complete lattice, and prove that meet-uniformity is sufficient to achieve co-additivity of these closure operators, relatively to an induced complete order. A meet-uniform closure on a complete lattice C is a closure operator (viz. a monotone, idempotent and extensive operator) such that if Y ⊆ C is a subset of elements all mapped to some z̄ , then also its infimum ∧_C Y is mapped to z̄ .

It is well known that closure operators are, in general, neither additive nor co-additive, and this holds even if, in addition, they are meet-uniform. However, meet-uniformity provides a systematic way for lifting the complete order, maintaining a complete lattice structure, achieving co-additivity. In fact, we prove that meet-uniform closures can always be lifted to co-additive closures, by refining the complete order. We study the lattice of all meet-uniform closure operators on a complete lattice, and provide some remarkable examples of meet-uniform (non co-additive) closure operators. The results of the paper can be naturally extended to lower closure operators by duality.

This paper is originated by studying closure operators in theoretical computer science, where closure operators are extensively used, notably in semantics of programming languages (e.g., see [4, 9]). The achieved co-additivity of meet-uniform closures may provide an alternative “ordertheoretic” interpretation of the relation between properties of semantics at different levels of abstraction. Indeed, semantics for programming languages can be specified by suitable closure operators. Cousot and Cousot proved in [4] that most semantic definitions for programming languages can be systematically derived by closure operators on the lattice of execution traces of a transition system specifying the operational semantics of a program. These include, for instance, the more abstract erratic, angelic and demoniac relational semantics of transition systems, and the denotational semantics. More abstract semantic denotations are here obtained by abstract interpretation ([3]) as the closed elements (fixpoints) of a corresponding closure operator on sets of execution traces. In this framework, the identical abstraction, leaving unchanged the domain of the computation, corresponds to the identity operator which is the bottom closure operator, while the straightforward abstraction which forgets about program computations, corresponds here to the constant function mapping any set of traces to the top element, which is precisely the top closure operator. In this formulation, the lattice of semantic definitions is therefore isomorphic to the lattice of closure operators on the lattice of execution traces. However, there are some specific properties of each semantic definition which cannot be compared according to their level of abstraction (e.g., see the property of being a model for an inductive definition in Example 1.1 below). We claim that meet-uniform closures play here a central rôle in order to fix a lattice-theoretic setting, which is based on the lifted complete order, where properties of semantic definitions at different levels of abstraction can be compared to each other. This provides a generalization of the model-theoretic reconstruction of the operational semantics of logic programs introduced in [7], to arbitrary semantic definitions for programming languages. The following example shows this fact for positive inductive definitions, and gives the intuition on the lifted complete order for meetuniform closures. It is worth noting that inductive definitions form the standard framework for operational semantic specification of programming languages, and most semantic definitions in [4] are obtained by abstracting inductive definitions.

Example 1.1 Consider an arbitrary positive inductive definition ℑ, i.e., a pair ⟨U , Φ⟩ where U is any set (the universe) and Φ is a set of rule instances, i.e., pairs P → c such that P, {c} ⊆ U (cf. [1]). It is clear that the mapping sat_ℑ which extends any S ⊆ U into the least set W ⊆ U such that S ⊆ W , and ∀P → c ∈ Φ, (P ⊆ W ) ⇒ (c ∈ W ), is a closure operator on the subsets of the universe ordered by inclusion. sat_ℑ(S ) is called a ℑ-model (or ℑ-closed set) for the inductive definition ℑ. We adopt the notation in [4] and denote Φ̄(S ) the set {c ∈ U | ∃P ⊆ S . P → c ∈ Φ}, for S ⊆ U . As observed in [4], the least fixpoint of Φ̄, if it exists, is the least ℑ-model, and ensures that ℑ is well defined. Also, it is immediate that sat_ℑ(S ) = S iff Φ̄(S ) ⊆ S . Let ρ : ℘(U ) → ℘(U ) be a closure operator (if ρ(S ) = S then S is called an abstract object), and ℑ = ⟨U , Φ⟩ and ℑ^′ = ⟨U , Φ^′⟩ be inductive definitions such that for all S ⊆ U , Φ̄^′(ρ(S )) = ρ(Φ̄(S )) and (sat_ℑ0 (S ) = S ) ⇒ (ρ(S ) = S ) (i.e., every ℑ^′-model is an abstract object). In this case, we say that ℑ^′ is more abstract than ℑ. It is easy to verify that for any S ⊆ U , (sat_ℑ(S ) = S ) ⇒ (sat_ℑ0 (ρ(S )) = ρ(S )). Meet-uniformity is a crucial property here in order to extend the set of ℑ-models to include ℑ^′-models, and to compare both kinds of models with respect to the corresponding expressive power. Indeed, by the above assumptions and observations, the set J = {S ⊆ U | sat_ℑ0 (ρ(S )) = ρ(S )} contains both ℑ-models and ℑ^′-models: S is in J iff when abstracted (by ρ) it is a ℑ^′-model. However, J is not, in general, a complete lattice (w.r.t. ⊆), in particular J may not have a least (canonical) element. On the other hand, if ρ is co-additive then J is a complete lattice, and thus both kinds of models can be uniformly compared, and a canonical representative model can be chosen. We claim that, whenever ρ is meet-uniform, it is always possible (by Theorem 5.12 below) to lift the order (viz. inclusion) so as J becomes a complete lattice. The new order among models in J reflects precisely the existing relation between inductive definitions (namely that ℑ^′ is more abstract than ℑ): notably, the least ℑ^′- model is also the least (viz. most abstract) element in J . In this case, J inherits on models the existing lattice structure of semantics. The key point here is that the new order has to reflect adequately the property of a ρ-closed (abstract) element S ⊆ U being representative of any S^′ such that ρ(S^′) = S . Meet-uniform closure operators allow this order-extension to be consistently applied. 2

A similar approach to the example above has been firstly applied in [7], where logic and operational models for logic programs (viz., Horn-clause theories) are compared by a partial order. Some of the results in [7] follow immediately in our framework by meet-uniformity of the involved closure operators. This because the operational models of computed answers and correct answers of a logic program can be both specified by inductive definitions, which are related by a meetuniform closure operator, as above. This operation is an instance of a downward closure, later discussed in Section 4.2.

The plan of the paper is as follows. In Section 2, some basic notions for closure operators are recalled. In Section 3, we introduce the notion of meet-uniformity, and, for closure operators, we study its properties. In Section 4, we consider examples of meet-uniform closures: a class of principal filters, and downward closures are shown to satisfy the property of meet-uniformity. In Section 5, we define the lifting of a complete order via a meet-uniform closure operator, and we show that this process preserves the complete lattice structure and allows the meet-uniform closure to get co-additivity.

2 Preliminaries

In this section, we briefly introduce some notation used throughout the paper and summarize some definitions and well-known properties concerning closure operators (for more details see [2, 11, 12]).

Let C and D be sets. The powerset of C is denoted by ℘(C ), and its cardinality by |C |. The set-difference between C and D is denoted by C \ D. If f is a function defined on C and D ⊆ C then f (D) = {f (x ) | x ∈ D}. Functions will be sometimes denoted by Church’s lambda notation. The set C equipped with a partial order ≤ is denoted by C_≤. We use x < y to denote that x ≤ y and x ≠ y. A complete lattice C with partial ordering ≤, least upper bound (lub) ∨, greatest lower bound (glb) ∧, top element ⊤ = ∧∅ = ∨C , and bottom element ⊥ = ∨∅ = ∧C , is denoted by ⟨C , ≤, ∨, ∧, ⊤, ⊥⟩. We will often abuse notation by denoting lattices with their poset notation. Sometimes, we will use subscripts to disambiguate lattice operations (e.g., ≤_C and ∧_C ). A function f : C → D between complete lattices is additive if for any Y ⊆ C , f (∨_C Y ) = ∨_D f (Y ). Co-additivity is dually defined.

An (upper) closure operator on the poset C is an operator ρ : C → C monotonic, idempotent and extensive (viz. ∀x ∈ C . x ≤ ρ(x )). We denote by uco(C ) the set of all closure operators on the poset C . If C is a complete lattice then each closure operator ρ is uniquely determined by the set of its fixpoints, which is its image ρ(C ). A subset Y ⊆ C is the set of fixpoints of a closure operator iff Y is a Moore-family of C , i.e. ⊤ ∈ Y and for any X ⊆ Y , with X ≠ ∅, ∧X ∈ Y . Furthermore, the set of fixpoints ρ(C ) is a complete lattice with respect to the order of C , but, in general, it is not a complete sublattice of C , since the lub in ρ(C ) might be different from that in C . If ρ is additive then ρ(C ) is a complete sublattice of C . In the following, we will often denote a closure operator by the set of its fixpoints. We denote by ⟨uco(C ), ⊑, ⊔, ⊓, λx .⊤, λx .x ⟩ the complete lattice of all closure operators on the complete lattice C , where for every ρ, η ∈ uco(C ), {ρi }i_∈I ⊆ uco(C ) and x ∈ L:

• ρ ⊑ η iff ∀x ∈ C . ρ(x ) ≤ η(x ), or equivalently, ρ ⊑ η iff η(C ) ⊆ ρ(L);

• (⊔i_∈I ρi )(x ) = x ⇔ ∀i ∈ I . ρi (x ) = x ;

• (⊓i_∈I ρi )(x ) = ∧i_∈I ρi (x );

• λx .⊤ (viz. the operator mapping all the elements to ⊤) is the top element in uco(C ), whereas λx .x (viz. the identity operator on C ) is the bottom element.

For a closure operator ρ ∈ uco(C ) and Y ⊆ C , the following two properties hold:

(i) ρ(∧_{y∈Y} ρ(y)) = ∧_{y∈Y} ρ(y);

(ii) ρ(∨Y ) = ρ(∨_{y∈Y} ρ(y)).

It is also known that uco(C ) is dual atomistic, namely each closure different from the top λx .⊤ is the infimum of the set of dual atoms following it. Lower closure operators are dually defined, and for them dual properties to those above hold.

If C and D are posets and α : C → D, γ : D → C are monotonic functions such that ∀c ∈ C . c ≤C γ(α(c)) and ∀d ∈ D. α(γ(d)) ≤D d, then (γ, D, C , α) is called a Galois connection between C and D. We also recall that the above definition of Galois connection is equivalent to that of adjunction: (γ, D, C , α) is an adjunction if ∀c ∈ C .∀d ∈ D. α(c) ≤_D d ⇔ c ≤_C γ(d).

3 Meet-Uniform Closure Operators

In what follows, we assume C and D be two complete lattices.

Definition 3.1 A function f : C → D is meet-uniform if for all Y ⊆ C ,

(∃x̄ ∈ Y . ∀y ∈ Y . f (y) = f (x̄ )) ⇒ (∃x̄ ∈ Y . f (∧_C Y ) = f (x̄)). 2

In other terms, a mapping f from C into D enjoys the property of meet-uniformity if it is coadditive for any family of elements all mapped by f into the same element. Note that the above condition is vacuously satisfied for Y = ∅ and Y singleton. Thus, in the proofs of meet-uniformity, we will assume |Y | > 1. Further, notice that if f is injective then it is trivially meet-uniform.

The principal aim of this section is to study meet-uniform closure operators on complete lattices. Note that the only injective closure is the identity operator. Therefore, injectivity is not relevant to characterize meet-uniformity of closure operators. As the following remark shows, for any closure operator the dual property of join-uniformity is always satisfied.

Remark 3.2 Each ρ ∈ uco(C ) is join-uniform, i.e. for all Y ⊆ C , (∃x̄ ∈ Y .∀y ∈ Y . ρ(y) = ρ(x̄ )) ⇒ (∃x̄ ∈ Y . ρ(∨Y ) = ρ(x̄ )).

Proof. ρ(∨Y ) = ρ(∨_{y∈Y} ρ(y)) = ρ(ρ(x̄ )) = ρ(x̄ ).

To denote the set of meet-uniform closure operators on C , we use the following notation: uco^∗(C ) = {ρ ∈ uco(C ) | ρ is meet-uniform}. Clearly, the bottom element of uco(C ), viz. the identity operator, belongs to uco^∗(C ). Furthermore, the following result holds.

Proposition 3.3 uco^∗(C ) is a Moore-family of uco(C ).

Proof. Clearly, λx .⊤ ∈ uco^∗(C ). Now, let us consider {ρ_i }_{i∈I} ⊆ uco^∗(C ). We show that ⊓i_∈I ρi ∈ uco^∗(C ). Consider any Y ⊆ C such that |Y | > 1, and suppose that there exists x̄ ∈ Y such that for all y ∈ Y , (⊓_{i∈I} ρ_i )(y) = (⊓_{i∈I} ρ_i )(x̄ ). If we prove that for any i ∈ I , ρ_i (∧Y ) = ρ_i (x̄), the thesis follows, since (⊓_{i∈I} ρ_i )(∧Y ) = ∧_{i∈I} ρ_i (∧Y ) = ∧_{i∈I} ρ_i (x̄ ) = (⊓_{i∈I} ρ_i )(x̄ ). Thus, consider any j ∈ I and y ∈ Y . Then, y ≤ (⊓_{i∈I} ρ_i )(y) = (⊓_{i∈I} ρ_i )(x̄ ) = ∧_{i∈I} ρ_i (x̄), and, analougously, x̄ ≤ ∧_{i∈I} ρ_i (y). Hence, y ≤ ρ_j (x̄ ) and x̄ ≤ ρ_j (y), from which ρ_j (y) = ρ_j (x̄ ) easily follows. Therefore, for all i ∈ I , ρ_i (∧Y ) = ρ_i (x̄).

Thus, uco^∗(C ) is the set of fixpoints of a closure operator ψ^∗ ∈ uco(uco(C )) defined as follows: for any ρ ∈ uco(C ), ψ^∗(ρ) = ⊓{η ∈ uco(C ) | ρ ⊑ η, η is meet-uniform}. Another consequence of the above proposition is that uco^∗(C ) is a complete lattice with respect to the order inherited from uco(C ), and, in particular, is a complete meet-sublattice of uco(C ). Next example shows that, in general, uco^∗(C ) is not a complete sublattice of uco(C ), and therefore, the closure ψ^∗ on uco(C ) is not additive.

Example 3.4 Consider the finite lattice C depicted below.

⊥ b ⊤ a • • • • @@ �

� @@

The closure operators on C are the following: ρ_1 = {⊤}, ρ_2 = {⊤, a}, ρ_3 = {⊤, ⊥}, ρ_4 = {⊤, b}, ρ_5 = {⊤, a, ⊥}, ρ_6 = {⊤, b, ⊥}, ρ_7 = {⊤, a, b, ⊥}. Thus, uco(C ) is the lattice depicted below.

• • • • • • • ρ_1

ρ_2 ρ_3 ρ_4 ρ_5 ρ_6

ρ_7

ȷȷȷ QQQ SS SS ´´ ´´ ´´ SS

It is immediate to verify that the meet-sublattice uco^∗(C ) of the meet-uniform closures is the following. • • • • • • ρ_1

ρ_2 ρ_4 ρ_5 ρ_6

ρ_7

ȷȷȷ QQQ SS SS ´´ ´´ In fact, the only closure which is not meet-uniform is ρ_3: ρ_3(a) = ρ_3(b) = ⊤, whilst ρ_3(a ∧ b) = ρ_3(⊥) = ⊥. Moreover, observe that uco^∗(C ) is not a sublattice of uco(C ): the join of ρ_5 and ρ_6 in uco^∗(C ) is clearly different from that in uco(C ). 2 The example above allows one to draw the following additional consequences. (i) The property of dual-atomicity of uco(C ) does not hold anymore for the complete lattice uco^∗(C ).

(ii) It is not true that the functional composition of two meet-uniform closure operators (whenever is a closure) is meet-uniform. In fact, consider the meet-uniform closures ρ_5 and ρ_6 of the above example. The composition ρ_5 ∘ ρ_6 = ρ_6 ∘ ρ_5 is defined, and is the closure ρ_3 which is not meet-uniform.

Very recently, it has been shown that for a complete lattice C which is chain inf-distributive (i.e. such that for any chain Y ⊆ C and x ∈ C , x ∧ (∨Y ) = ∨_{y∈Y} (x ∧ y)), uco(C ) is pseudocomplemented (cf. [8]). Next example shows that in these hypotheses, the complete meet-sublattice uco^∗(C ) of uco(C ) is not, in general, pseudo-complemented. Example 3.5 Consider the following lattice C .

⊥ c ⊤ a b • • • • • @@ �

� @@

Consider the following closures on C : ρ_1 = {⊤}, ρ_2 = {⊤, a, b, ⊥}, ρ_3 = {⊤, a, c, ⊥}, ρ_4 = {⊤, b, c, ⊥}, ρ_5 = C . It is simple to verify that they are the only meet-uniform closures on C . Hence, uco^∗(C ) is the lattice below.

ρ_5 ρ_4 ρ_1

ρ_2 ρ_3 • • • • • @@ �

� @@

Then, clearly, uco^∗(C ) is not pseudo-complemented (ρ_2, ρ_3 and ρ_4 do not have the pseudocomplement). 2

As a side observation, note that meet-uniformity is not preserved by pseudo-complementation: in fact, with reference to the above example, it is possible to verify that the pseudo-complement of ρ_2 is ρ^∗_2 = {⊤, c}, which is not meet-uniform.

Suppose f : C → D, and consider the corresponding equivalence relation ≈_f induced on C by f , and defined as x ≈_f y ⇔ f (x ) = f (y). The following definition assigns a canonical representative with each equivalence class defined by ≈_f .

Definition 3.6 For any x̄ ∈ C , define ∇(x̄ ) = ∧[x̄ ]_{≈f} (= ∧{x ∈ C | f (x ) = f (x̄)}). 2

The property of meet-uniformity of f allows one to verify that this is a good definition. Indeed, for each x̄ ∈ C , ∇(x̄ ) ≈_f x̄ , viz. f (∇(x̄ )) = f (x̄ ). Further, it is worth noticing that if ρ ∈ uco(C ) then ∇(x̄ ) = ∇(ρ(x̄ )). We will make intensive use of these remarks in the sequel. The following observation provides an alternative characterization of the property of meet-uniformity.

Proposition 3.7 Assume f : C → D is monotonic. f is meet-uniform iff for any x ∈ C , ∇(x ) ≈f x .

Proof. (⇒) Straightforward, by definition of meet-uniformity.

(⇐) Consider any Y ⊆ C (with |Y | > 1), and assume that there exists x̄ ∈ Y such that f (y) = f (x̄ ), for all y ∈ Y . Obviously, f (∧C Y ) ≤D f (x̄ ). On the other hand, by hypothesis, ∇(x̄ ) ≈f x̄, i.e. f (x̄ ) = f (∇(x̄ )) ≤D f (∧C Y ). Therefore, f (∧C Y ) = f (x̄ ).

In particular, the above result holds for closure operators: a closure ρ is meet-uniform iff each equivalence class induced by ≈_æ contains its infimum.

We conclude this section by observing that meet-uniformity can be induced on closure operators by means of Galois connections. By a slight abuse of terminology, we call meet-uniform the following Galois connections.

Definition 3.8 A Galois connection (γ, D, C , α) is meet-uniform if α is meet-uniform. 2

It is well known that if (γ, D, C , α) is a Galois connection, then γ ∘ α is a closure operator on C ([6]). Next result shows that meet-uniform Galois connections induce meet-uniform closures.

Proposition 3.9 The Galois connection (γ, D, C , α) is meet-uniform iff γ ∘ α ∈ uco^∗(C ).

Proof. We only prove the “only if” part, since the other direction is analogous. Consider any Y ⊆ C such that |Y | > 1, and suppose that there exists x̄ ∈ Y such that ∀y ∈ Y . γ(α(y)) = γ(α(x̄ )). Then, for all y ∈ Y , α(γ(α(y))) = α(γ(α(x̄ ))), and, since α ∘ γ ∘ α = α, α(y) = α(x̄ ). Hence, α(∧C Y ) = α(x̄ ), from which, γ(α(∧C Y )) = γ(α(x̄ )).

4 Examples of Meet-Uniform Closures

Next two subsections show some interesting families of meet-uniform closure operators.

4.1 Closures by Principal Filters are Meet-Uniform

Let C be a complete lattice. Fix any element c ∈ C , and consider the operator ϕ_c on C defined as follows: for any x ∈ C , ϕ_c(x ) = c∨x . It is immediate to observe that ϕ_c ∈ uco(C ). Clearly, the set of fixpoints of ϕ_c is ϕ_c(C ) = {x ∈ C | c ≤ x }, i.e. the principal filter generated by c. Obviously, it is not true that for any complete lattice C and c ∈ C , each ϕ_c is a meet-uniform closure. In fact, considering the lattice C of Example 3.5, and the principal filter on C generated by the element a ∈ C , viz. the closure ϕa , as said in that example, ϕa is not meet-uniform: ϕa (b) = ϕa (c) = ⊤, while ϕ_a (b ∧c) = ϕ_a (⊥) = a. Note that if C is an infinitely sup-distributive lattice, i.e. a complete lattice such that for any x ∈ C and Y ⊆ C , x ∨ (∧Y ) = ∧_{y∈Y} (x ∨ y) (for finite lattices, infinite sup-distributivity amounts to distributivity), then, for each c ∈ C , ϕ_c ∈ uco^∗(C ). Even more, by this hypothesis on C , each ϕ_c is already co-additive. However, the following example shows that there exist complete lattices C which are not infinitely sup-distributive, such that each ϕ_c is meet-uniform, and for some ĉ ∈ C , ϕ_ĉ is not co-additive.

Example 4.1 Consider the following non-distributive lattice C .

⊥ d e b c a ⊤

• • • • • • • HHH �

� @@ � @@

� @@

It is simple to verify that, actually, for each c ∈ C , ϕ_c ∈ uco^∗(C ). Further, consider the closure ϕd ∈ uco(C ), i.e. ϕd (C ) = {d, a, ⊤}. It is easily seen that ϕd is not co-additive: in fact, ϕd (b∧e) = ϕd (⊥) = d, while ϕd (b) ∧ ϕd (e) = a ∧ ⊤ = a. 2

Therefore, the class of complete lattices C such that, for any c ∈ C , ϕ_c is meet-uniform, is strictly wider than the class of infinitely sup-distributive lattices.

4.2 Downward Closures are Meet-Uniform

In this subsection, we show that the operator defined on the powerset of any poset satisfying the ascending chain condition which gives the downward closure of any subset is a meet-uniform closure. The family of these closures is of noticeable importance in theoretical computer science, notably in semantics of programming languages ([9]) and in models for polymorphic types ([10]).

Let ⟨A, ≤⟩ be any poset. Consider the following downward operator ↓ defined on the powerset ℘(A) ordered by set-theoretic inclusion: ↓S = {x ∈ A | ∃y ∈ S . x ≤ y}. Moreover, consider the operator max : ℘(A) → ℘(A) giving the maximal elements of any subset of A, and defined as follows:

max (S ) = {x ∈ S | ∀y ∈ S . x ≤ y ⇒ x = y}.

It is immediate to verify that max is idempotent and reductive on ℘(A)_⊆. However, max is neither monotonic nor anti-monotonic. In fact, consider the lattice C of Example 3.4. On the one hand, {a, b} ⊆ {a, b, ⊤} whereas max ({a, b}) = {a, b} ⊈ max ({a, b, ⊤}) = {⊤}. On the other hand, {a} ⊆ {a, b} while max ({a}) = {a} ⊉ max ({a, b}) = {a, b}.

To show meet-uniformity of ↓, we need three preliminary lemmata.

Lemma 4.2 For any S ∈ ℘(A), max (S ) = max (↓S ).

Proof. (⊆) Consider any x ∈ max (S ). We want to prove that x ∈ max (↓S ). Thus, consider any y ∈ ↓ S such that x ≤ y. There exists z ∈ S such that y ≤ z . Hence, x ≤ z , from which x = z . Therefore, x = y, and since x ∈ ↓S , we get x ∈ max (↓S ).

(⊇) Consider any x ∈ max (↓S ). We want to verify that x ∈ max (S ). If x ∈ S then x ∈ max (↓S ), since S ⊆ ↓S . Otherwise, x ∈ ↓S \ S . Then, there exists y ∈ S such that x < y, namely we get a contradiction, since x ∈ max (↓S ).

Lemma 4.3 If A satisfies the ascending chain condition then for all S ⊆ A, ↓S = ↓max (S ).

Proof. (⊇) Clear, since from max (S ) ⊆ S we directly get ↓max (S ) ⊆ ↓S . (⊆) Consider any x ∈ ↓S . There exists y_0 ∈ S such that x ≤ y_0. If y_0 ∈ max (S ) then x ∈ ↓max (S ). Otherwise, there exists y_1 ∈ S such that y_0 ≤ y_1 and y_0 ≠ y_1, viz. y_0 < y_1. If y_1 ∈ max (S ) then x ∈ ↓ max (S ), otherwise, as before, we pick out another y_2 ∈ S such that y_0 < y_1 < y_2. Iterating this constructive process, we should arrive to an infinite chain {y_i }_{i∈IN} ⊆ A strictly increasing, viz. a contradiction. Thus, there exists k ∈ IN such that y_k ∈ max (S ) and x ≤ y_k , i.e. x ∈ ↓max (S ).

Lemma 4.4 If A satisfies the ascending chain condition then for all S , T ⊆ A, ↓ S = ↓ T ⇔ max (S ) = max (T ).

Proof. (⇒) max (S ) = (Lemma 4.2) = max (↓S ) = max (↓T ) = (Lemma 4.2) = max (T ). (⇐) ↓S = (Lemma 4.3) = ↓max (S ) = ↓max (T ) = (Lemma 4.3) = ↓T .

Proposition 4.5 If A satisfies the ascending chain condition then ↓ ∈ uco^∗(℘(A)_⊆).

Proof. Clearly ↓ ∈ uco(℘(A)_⊆). Thus, let us show that it is meet-uniform. Consider any family {Si }i_∈I ⊆ ℘(A) (where |I | > 1) such that ∃k ∈ I .∀i ∈ I . ↓ Si = ↓ Sk . We want to prove that ↓(∩i_∈I Si ) = ↓Sk .

(⊆) Since ↓ is monotonic.

(⊇) Consider any x ∈ ↓ S_k . By Lemma 4.3, ↓ S_k = ↓ max (S_k ), and so, there exists y ∈ max (S_k ) such that x ≤ y. By Lemma 4.4, for all i ∈ I , max (S_i ) = max (S_k ), and therefore, max (S_k ) ⊆ S_i . Hence, max (S_k ) ⊆ ∩_{i∈I} S_i . Thus, y ∈ ∩_{i∈I} S_i , i.e. x ∈ ↓(∩_{i∈I} S_i ).

In the above proposition, the fact that A satisfies the ascending chain condition plays a fundamental rôle, as shown in the following example.

Example 4.6 Consider the poset IN of the natural numbers, equipped with the standard ordering, depicted below, which does not satisfy the ascending chain condition.

• • • . . 2 1 0 Consider the subsets of odd and even numbers, O and E , respectively. Then, clearly, ↓O = ↓E = IN, while ↓(O ∩ E ) = ↓∅ = ∅, namely ↓ is not meet-uniform. 2

Also, the following observation is interesting.

Remark 4.7 ↓ is an additive closure.

Proof. Consider any family {S_i }_{i∈I} ⊆ ℘(A). We want to verify that ↓(∪_{i∈I} S_i ) = ∪_{i∈I} ↓S_i . (⊇) By monotonicity of ↓.

(⊆) Consider any x ∈ ↓ (∪_{i∈I} S_i ). Then there exists j ∈ I and y ∈ S_j such that x ≤ y. Hence, x ∈ ↓Sj , viz. x ∈ ∪i_∈I ↓Si .

It is worth to observe that ↓ is not co-additive: considering the lattice C of Example 3.4, we have that ↓({a}∩{b}) = ↓∅ = ∅, while ↓{a} ∩ ↓{b} = {⊥}. As a consequence of the above remark, if we consider the image, denoted by ℘^↓(A), of ℘(A) by ↓, viz. ℘^↓(A) = {S ∈ ℘(A) | S = ↓S }, we have that ⟨℘^↓(A), ⊆⟩ is a complete sublattice of ⟨℘(A), ⊆⟩. Hence, the lub and the glb in ℘^↓(A) are just union and intersection, respectively. It is worth noting that ℘^↓(A) is also known as the order ideal completion of A (cf. [5]). Cousot and Cousot observed in [5] that the order ideal completion ℘^↓(A) coincides with the Scott closed ideal completion, or, equivalently, with the lower (or Hoare) powerdomain ([9]), whenever A satisfies the ascending chain condition, as in our case.

For the downward closure considered in this section, there is a simple expression of the canonical representative of Definition 3.6, as stated below.

Remark 4.8 If A satisfies the ascending chain condition then, for each I ∈ ℘(A), ∇(I ) = max (I ).

Proof.

∇(I ) = ∩{J ∈ ℘(A) | ↓J = ↓I }

= ∩{J ∈ ℘(A) | max (J ) = max (I )} (Lemma 4.4) = max (I ) (since max is idempotent and reductive).

Finally, it is worthwhile to remark that “dualizing” this subsection, we get that whenever A satisfies the descending chain condition the upward closure is meet-uniform as well.

5 Lifting Complete Orders via Meet-Uniform Closures

Suppose ⟨C , ≤_C ⟩ and ⟨D, ≤_D ⟩ are posets, and consider any function f : C → D.

Definition 5.1 The lifting via f of the ordering ≤_C is the relation ≤^f_C on C defined as follows:

x ≤fC y iff f (x ) ≤D f (y) & (f (y) ≤D f (x ) ⇒ x ≤C y). 2

The insight for this definition was provided by the paper [7], where an instance of ≤^f_C was introduced to relate Herbrand models with more concrete proof-theoretic notions like computed answers and correct answers in Horn-clause first-order logic. Definition 5.1 generalizes that order to arbitrary closure operators, yet providing the basis to achieve co-additivity of meet-uniform closure operators.

It is straightforward to prove the correctness of the above definition.

Lemma 5.2 ≤^f_C is a partial order on C .

Suppose that the function f is monotonic. Then, note that ≤_C ⊆ ≤^f_C , i.e. for all x , y ∈ C , x ≤C y ⇒ x ≤fC y. Also, if C is bounded, with top and bottom elements (w.r.t. ≤C ) ⊤ and ⊥, then C is bounded for the lifted order too, where ⊤ and ⊥ are still the top and the bottom w.r.t. ≤fC .

In the following, we will be interested in the case where f is a closure operator. For the moment, assume that ⟨C , ≤⟩ is a poset.

Proposition 5.3 If ρ ∈ uco(C_≤) then ρ ∈ uco(C_≤æ ).

Proof. Idempotency of ρ is clearly preserved. We prove monotonicity: x ≤^æ y ⇒ ρ(x ) ≤^æ ρ(y). ρ(ρ(x )) ≤ ρ(ρ(y)) holds by hypothesis and idempotency of ρ. ρ(ρ(y)) ≤ ρ(ρ(x )) ⇒ x ≤ y holds, since ρ(ρ(y)) ≤ ρ(ρ(x )) ⇔ ρ(y) ≤ ρ(x ) ⇒ x ≤ y ⇒ ρ(x ) ≤ ρ(y). Finally, we show the extensivity of ρ w.r.t. ≤^æ. ρ(x ) ≤ ρ(ρ(x )) holds by idempotency of ρ. ρ(ρ(x )) ≤ ρ(x ) ⇒ x ≤ ρ(x ) holds by extensivity of ρ w.r.t. ≤.

Let us now give a simple example of lifting of a partial order via a closure operator.

Example 5.4 Reconsider the lattice ⟨C , ≤⟩ of Example 3.4, and recall the closures ρ_2 = {⊤, a} and ρ_3 = {⊤, ⊥} defined on C . It is simple to verify that lifting ≤ via ρ_3 changes nothing in the structure of C , viz. ≤ = ≤^æ. On the other hand, lifting ≤ via ρ_2 provides the lattice depicted below. • • • •

⊤ b a ⊥ 2 From now on, assume that ⟨C , ≤, ∨, ∧, ⊤, ⊥⟩ is a complete lattice. A relevant property of lifting a complete order ≤ via a meet-uniform closure operator is that it preserves the complete lattice structure. Given a meet-uniform closure ρ ∈ uco^∗(C ), recall that for each x̄ ∈ C , the canonical representative of x̄ is ∇(x̄ ) = ∧{x ∈ C | ρ(x ) = ρ(x̄)}. For any subset Y ⊆ C , consider the following definition of a possible lub ˙∨ on the lifted poset C_≤æ : ˙∨Y = ∨({y ∈ Y | ∇(∨Y ) ≤ y} ∪ {∇(∨Y )}). This is indeed a correct expression for the lub w.r.t. the lifted order ≤^æ.

Lemma 5.5 For all Y ⊆ C , ρ( ˙∨Y ) = ρ(∨Y ).

Proof. ρ( ˙∨Y ) = ρ(∨({y ∈ Y | ∇(∨Y ) ≤ y} ∪ {∇(∨Y )})) = ρ(∨({ρ(y) ∈ Y | ∇(∨Y ) ≤ y} ∪ {ρ(∇(∨Y ))})) = ρ(∨({ρ(y) ∈ Y | ∇(∨Y ) ≤ y} ∪ {ρ(∨Y )})) = ρ(∨({y ∈ Y | ∇(∨Y ) ≤ y} ∪ {∨Y })) = ρ(∨Y ). Proposition 5.6 ˙∨ is the least upper bound in ⟨C , ≤^æ⟩.

Proof. Consider any Y ⊆ C .

(a) Let us show that if y ∈ Y then y ≤^æ ˙∨Y .

(a_1) ρ(y) ≤ ρ( ˙∨Y ): Immediate from Lemma 5.5.

(a_2) ρ( ˙∨Y ) ≤ ρ(y) ⇒ y ≤ ˙∨Y : Since, from the hypothesis and Lemma 5.5, ρ(y) = ρ( ˙∨Y ) = ρ(∨Y ), we have that ∇(∨Y ) = ∇(ρ(∨Y )) = ∇(ρ(y)) = ∇(y), it is clear that this implies y ≤ ˙∨Y .

(b) Suppose that there exists u ∈ C such that ∀y ∈ Y . y ≤^æ u. In such a case, we want to prove that ˙∨Y ≤^æ u.

(b_1) ρ( ˙∨Y ) ≤ ρ(u): From the hypothesis follows that ∨ρ(Y ) ≤ ρ(u). Hence, by Lemma 5.5, ρ( ˙∨Y ) = ρ(∨Y ) = ρ(∨ρ(Y )) ≤ ρ(ρ(u)) = ρ(u).

(b_2) ρ(u) ≤ ρ( ˙∨Y ) ⇒ ˙∨Y ≤ u: By hypothesis and Lemma 5.5, ρ(u) = ρ(∨Y ). First, we verify that ∇(∨Y ) ≤ u: in fact, ∇(∨Y ) = ∇(ρ(∨Y )) = ∇(ρ(u)) = ∇(u) ≤ u. Second, if ∇(∨Y ) ≤ y then y ≤ u: as above, ∇(∨Y ) = ∇(u), and therefore, ∇(u) ≤ y. Thus, ρ(∇(u)) = ρ(u) ≤ ρ(y). Since, by hypothesis, ρ(u) ≤ ρ(y) ⇒ y ≤ u, we get the desired y ≤ u.

Notice that we added the singleton {∇(∨Y )} in the definition of ˙∨ because if {y ∈ Y | ∇(∨Y ) ≤ y} is empty then we take ∇(∨Y ) as the lub, rather than ∨∅ = ⊥. As a corollary of the above proposition, we get the following important result.

Theorem 5.7 If C_≤ is a complete lattice and ρ ∈ uco^∗(C_≤) then C_≤æ is a complete lattice.

The glb ˙∧ in C_≤æ could be defined, as usual, as the least upper bound of the lower bounds, i.e. for each Y ⊆ C , ˙∧Y = ˙∨{c ∈ C | ∀y ∈ Y . c ≤^æ y}.

For this glb the following is a useful alternative characterization. For any Y ⊆ C define ˙∧ as follows:

˙∧Y =

æ_{∧{y ∈ Y | ρ(y) = ρ(x̄ )} if ∃x̄ ∈ Y . ∧ ρ(Y ) = ρ(x̄ );}

∧ρ(Y ) otherwise.

Proposition 5.8 ˙∧ is the greatest lower bound in ⟨C , ≤^æ⟩.

Proof. Consider any Y ⊆ C . We distinguish between the two mutually exclusive branches of the definition of ˙∧.

(a) There exists x̄ ∈ Y such that ∧ρ(Y ) = ρ(x̄), and hence, ˙∧Y = ∧{y ∈ Y | ρ(y) = ρ(x̄ )}.

Since ρ is meet-uniform, ρ( ˙∧Y ) = ρ(x̄ ) = ∧ρ(Y ). We will use this observation during the proof.

(a_1) ∀y ∈ Y . ˙∧Y ≤^æ y: First, ρ( ˙∧(Y )) = ρ(x̄ ) ≤ ρ(y) holds. Second, ρ(y) ≤ ρ( ˙∧Y ) ⇒ ˙∧Y ≤ y holds too, since the premise is equivalent to ρ(y) = ρ(x̄ ).

(a_2) If there exists l ∈ C such that ∀y ∈ Y . l ≤^æ y then l ≤^æ ˙∧Y : First, ρ(l) ≤ ρ( ˙∧Y ), since ρ( ˙∧Y ) = ρ(x̄ ), and, from the hypothesis, ρ(l) ≤ ∧ρ(Y ) = ρ(x̄ ). Second, the implication ρ( ˙∧Y ) ≤ ρ(l) ⇒ l ≤ ˙∧Y holds, since its premise implies ρ(x̄ ) = ρ(l), and, if y ∈ Y is such that ρ(y) = ρ(x̄ ) then ρ(y) = ρ(l). By exploiting the hypothesis l ≤^æ y, this implies l ≤ y, which implies l ≤ ˙∧Y .

(b) Assume the other branch, i.e. ∀y ∈ Y . ∧ ρ(Y ) < ρ(y). In this case, ˙∧Y = ∧ρ(Y ).

(b_1) ∀y ∈ Y . ˙∧Y ≤^æ y: First, ρ( ˙∧Y ) = ρ(∧ρ(Y )) = ∧ρ(Y ) ≤ ρ(y). Second, the implication ρ(y) ≤ ρ( ˙∧Y ) ⇒ ˙∧Y ≤ y, viz. ρ(y) = ∧ρ(Y ) ⇒ ˙∧Y ≤ y, trivially holds, since, by hypothesis, its premise is never satisfied.

(b_2) If there exists l ∈ C such that ∀y ∈ Y . l ≤^æ y then l ≤^æ ˙∧Y : First, ρ(l) ≤ ρ( ˙∧Y ) = ∧ρ(Y ), since, by hypothesis, ∀y ∈ Y . ρ(l) ≤ ρ(y). Second, ρ( ˙∧Y ) ≤ ρ(l) ⇒ l ≤ ˙∧Y holds, since it is equivalent to ρ(l) = ∧ρ(Y ) ⇒ l ≤ ∧ρ(Y ), which is true, as l ≤ ρ(l).

Corollary 5.9 For any Y ⊆ C , ˙∧ρ(Y ) = ∧ρ(Y ).

As observed in all generality at the beginning of this section, also note that ⊤ and ⊥ remain unchanged after the lifting of the ordering.

It is important to note that the meet-uniformity property of ρ plays a fundamental rôle in Theorem 5.7. In fact, the following example shows that if the closure does not satisfy the meetuniformity property then, in general, the lifted order does not give rise to a complete lattice.

Example 5.10 Consider the finite lattice ⟨C , ≤, ∨, ∧, ⊤, ⊥⟩ depicted below.

⊥ d

⊤

c b a

• • • • • • @@ � @@�

Consider also the closure ρ ∈ uco(C ) defined by ρ(C ) = {⊤, c, d, ⊥}. It is immediate to verify that ρ is not meet-uniform: in fact, ρ(a) = ρ(b) = ⊤, but ρ(a ∧ b) = ρ(⊥) = ⊥. In this case, the lack of meet-uniformity for ρ implies that the lifted poset ⟨C , ≤^æ⟩ is not a lattice anymore. C equipped with the ordering ≤^æ is represented below.

⊥ d

⊤

c b a

• • • • • • @@ � � � HHH H @@�

Clearly, ⟨C , ≤^æ⟩ is not a lattice, because, by definition of ≤^æ, d ≤^æ a and c ≤^æ b. 2

Lifting the order ≤ via a meet-uniform closure ρ on the complete lattice C_≤ is a process which preserves the meet-uniformity property, in addition to the property for ρ of being a closure (Proposition 5.3), as stated below.

Proposition 5.11 If ρ ∈ uco^∗(C_≤) then ρ ∈ uco^∗(C_≤æ ).

Proof. Having shown Proposition 5.3, we have to prove meet-uniformity of ρ w.r.t. ≤^æ only. Thus, consider any Y ⊆ C (with |Y | > 1), and assume that there exists x̄ ∈ Y such that ρ(y) = ρ(x̄), for all y ∈ Y . Then, since ∧ρ(Y ) = ρ(x̄), ˙∧Y = ∧{y ∈ Y | ρ(y) = ρ(x̄)} = ∧Y . Hence, by meet-uniformity of ρ w.r.t. ≤, ρ( ˙∧Y ) = ρ(∧Y ) = ρ(x̄ ).

Lifting a complete order ≤ via a meet-uniform closure operator ρ has a remarkable consequence, which was the ultimate aim of this paper. In fact, by this process, we upgrade the properties enjoyed by ρ whenever considered w.r.t. the lifted complete order ≤^æ: ρ becomes a co-additive closure operator.

Theorem 5.12 If ρ ∈ uco^∗(C_≤) then ρ is co-additive on ⟨C , ≤^æ⟩.

Proof. By Corollary 5.9, it is enough to show that for any Y ⊆ C , ρ( ˙∧Y ) = ∧ρ(Y ). We distinguish the two branches of the characterization of ˙∧ given by Proposition 5.8. (i) If ˙∧Y = ∧{y ∈ Y | ρ(y) = ρ(x̄ )} for a suitable x̄ ∈ Y such that ρ(x̄ ) = ∧ρ(Y ), then ρ( ˙∧Y ) = ρ(x̄ ) = ∧ρ(Y ), because ρ is meet-uniform (on C_≤). (ii) Otherwise, ˙∧Y = ∧ρ(Y ), and hence, ρ( ˙∧Y ) = ρ(∧ρ(Y )) = ∧ρ(Y ).

We conclude this section showing the practical impact of the above theorem on the example of meet-uniform principal filters of Subsection 4.1.

Example 5.13 Let us recall Example 4.1. As shown there, the principal filter ϕ_d on C was meet-uniform but non-co-additive. Lifting the order of C via ϕ_d gives rise to the chain depicted below.

• • • • • • • ⊤ c e a d b ⊥ Now, it is simple to check that ϕ_d (= {d, a, ⊤}) has become co-additive with respect to this lifted order. 2

Acknowledgements

This research has been partly done while the authors were visiting the LIX, Laboratoire d’Informatique, École Polytechnique, Paris, France. They thank LIX , and in particular Radhia Cousot, for the kind hospitality. The work of Roberto Giacobazzi has been partly supported by the EEC Human Capital and Mobility individual grant: “Semantic Definitions, Abstract Interpretation and Constraint Reasoning”, n. ERB4001GT930817.

References

[1] P. Aczel. An introduction to inductive definitions. In J. Barwise, editor, Handbook of Mathematical Logic, pages 739–782. North-Holland, 1977.

[2] G. Birkhoff. Lattice Theory. AMS Colloquium Publications, volume XXV, third edition, 1967.

[3] P. Cousot and R. Cousot. Abstract interpretation: a unified lattice model for static analysis of programs by construction or approximation of fixpoints. In Conference Record of the 4th ACM Symposium on Principles of Programming Languages (POPL ’77), pages 238–252. ACM Press, 1977.

[4] P. Cousot and R. Cousot. Inductive definitions, semantics and abstract interpretation. In Conference Record of the 19th ACM Symposium on Principles of Programming Languages (POPL ’92), pages 83–94. ACM Press, 1992.

[5] P. Cousot and R. Cousot. Higher-order abstract interpretation (and application to comportment analysis generalizing strictness, termination, projection and PER analysis of functional languages). In Proceedings of the IEEE International Conference on Computer Languages (ICCL ’94), pages 95–112. IEEE Computer Society Press, 1994.

[6] R. Everett. Closure operators and Galois theory in lattices. Trans. Amer. Math. Soc., 55:514– 525, 1944.

[7] M. Falaschi, G. Levi, M. Martelli, and C. Palamidessi. A model-theoretic reconstruction of the operational semantics of logic programs. Information and Computation, 103(1):86–113, 1993.

[8] R. Giacobazzi, C. Palamidessi, and F. Ranzato. Weak relative pseudo-complements of closure operators. Technical Report LIX/RR/95/04, Laboratoire d’Informatique, École Polytechnique, Paris, 1995.

[9] C.A. Gunter and D.S. Scott. Semantic domains. In J. van Leeuwen, editor, Handbook of Theoretical Computer Science, volume B: Formal Models and Semantics, pages 633–674. Elsevier and The MIT Press, 1990.

[10] D. MacQueen, G. Plotkin and R. Sethi. An ideal model for recursive polymorphic types.

Information and Control, 71(1,2):95–130, 1986.

[11] J. Morgado. Some results on the closure operators of partially ordered sets. Portugal. Math., 19(2):101–139, 1960.

[12] M. Ward. The closure operators of a lattice. Ann. of Math., 43(2):191–196, 1942.