Università di Pisa

Dipartimento di Informatica

Technical Report : TR-97-15

Fast fraction-free triangularization of Bezoutians with applications to sub-resultant chain computation

D. A. Bini, L. Gemignani

September 05, 1997

ADDR: Corso Italia 40,56125 Pisa,Italy. TEL: +39-50-887111. FAX: +39-50-887226

~‚~^PP ZZ 2222 –=0=0 niiimiiiux u x x v x v x x nm n m nn B O n On nc c BnO n On nc cLINEARALGEBRA AND ITS APPLICA TIONS Fast fraction-free triangula rization of Bezoutians with applications to sub-resultantchain computation DarioAndrea Bini andLucaGemigna ni 1.INTR ODUCTION Let( ) = [ ] and ( ) = [ ] b e t w o p oly- nomials of degree and , , resp ec tiv ely , ha ving in teger co e‹cien ts. Dipartimento di Matematic a, Universit„ a di Pisa, viaBuonarr oti, 56100 Pisa, Italy Dipartimento di Informatic a, Universit„ a di Pisa, CorsoItalia 40, 56125 Pisa, Italy Supporte d b y 40% funds of the Progetto Analisi n umerica e matema tica com- putazional e of MURST and b y G.N.I.M. of C.N.R.. cElsevierScience Publishing Co., Inc., 1993 655Av en ue of the Americas, New Y ork, NY 10010 0024- 3795/93/ $6. 00 ABSTRACT Analgorithm for the computation of the LU factorization o v er the in tegers ofan Bezoutian is presen ted. The algorith m requires ( ) arithmetic operations and in v olv es in tegers ha ving at most ( log ) bits, where is an upper b ound of the mo duli of the in teger en tries of . As an applic atio n, b y using thecorrelations b et w een Bezoutians and the Euclidean sc heme, w e devise a new division-free algorith m for the computation of the p olynomi al pseudo-remaind er sequenceof t w o p olynomi als of degree at most in ( ) arithmetic op erations. Thegro wth of the length of the in tegers in v olv ed in the computation is k ept at theminim um v alue, i.e., ( log ) bits, no matter if the sequence is normal ornot, where is an upp er b ound of the mo duli of the input co e‹cien ts. The algorithms,that rely on the Bareiss tec hnique [2] and on the prop erties of the Sch ur complemen ts of Bezoutians [4 ], impro v e the ones of [28], [8], [1]. xxx:1{xxx(1993) 1

Z^`` ```^2 ``‚‚`‚‚`i;jnn ni;ji;jij nnnnnnjnn n=111 12 201 1 01012 201 1 01001 2X26664377752666643777752666437775266664377775^~ nn B B u; v b u x vx ux v y u y v x xy bx y ; uu : : : u uuvv : : : v vvvvv : : : v vvuu : : : u uuu;vj > m i;j i j i;j j i Bu; v ux v x Bux v x B B u; v B uv : : : v m vx u BOn B2TheBezoutian = ( ) = ( ) asso ciated with ( ) and( ) is de˛ned b y () ( ) ( ) ( ) =andcan b e represen te d in the follo wing form [17 ], ..........................................(1.1)wherew e set = 0 if . Observ e that the left-hand factors in the abo v e matrix pro ducts are Hank el matrices, i.e., the en tries in p osition () are functions of + , while the righ t-hand factors are T o eplitz ma- trices,i.e., the en tries in p osition ( ) are function of . F rom this represen tation it is clear that the en tries of ( ) are bilinear functions inthe co e‹cien ts of ( ) and ( ); furthermore, giv en the en tries of a Bezoutian, it is p ossible to compute the co e‹cien ts of t w o p olynomia ls () and ( ) suc h that = ( ) [5]. In particular, the last ro w of , i.e.,, pro vides the degree as w ell as the co e‹cien ts of( ), up to the m ultipl icativ e factor . Bezoutianspla y an imp ortan t role in man y div erse ˛elds of n umerical andsym b olic computing b ecause of their connections to system-theoretic conceptslik e stabilit y and signature-symm etric realizations (see [18 ], [10 ], [20] and [22 ]). These relations mak e p ossible to treat problems arising from signalpro cessing and con trol theory as an in tegral part of linear algebra. Inthis w a y , the e‹cien t recursiv e ev aluation of a triangular factorization ofb ecomes a cen tral computational issue. Many fast algorithms, that is, requiring ( ) arithmetic op erations, hav e b een dev elop ed for the triangularization of Bezoutians with en tries ov er a ˛eld [22 ]. Ho w ev er, these metho ds generally su¸er from p oten tial instabilitieswhic h o ccur when ill-conditioned submatrices are encoun tered. Inthis pap er w e address the stabilit y problems b y using exact in teger arithmetic.That is, w e dev elop a fast fraction-free pro cedure whic h reduces into triangular form b y means of ring op erations and exact divisions only .

`````fg 6`` ^2666437775Schurc omplement 01 1+1 +11 =001 11 11 ii i i ii i LiLiuu unnnnui;j; ;Bux v x rx u x ; r x v x rx r x q x r x i ; : : : ; L; rx r x r x rx u x v x rx u x v x ux v x v F F ux Fuuuu: : : : : : u :Bu; v B u; v F Bu; v AA i; j ; A kk A A 3Ourapproac h yields a sym b olic metho d for the in v ersion of that can b e usedfor the dev elopmen t of fast in v ersion algorithms for other structure d matricessuc h as T o eplitz and Hank el ones. F urther, our pro cedure can b e described as a matrix analogue of some v arian t of the Euclidean algorithm appliedto ( ) and ( ): () = ( ) ( ) = ( ) () = ( ) ( ) ( ) = 1 (1.2)where( ) is the remainder of the division of ( ) and ( ), and () is the greatest comm on divisor (gcd) of ( ) and ( ). The sequence () is a p olynomi al remainder sequence (p.r.s.) of ( ) and ( ). Thesub-resultan t theory (see [7], [9] and [24 ]) is the fundamen tal to ol forcomputing an y p.r.s. o v er an in tegral domain rather than on a ˛eld. Theconstruction and the divisibili t y prop erties of sub-resultan ts are gen- erallystated in terms of determinan tal relations. Di¸eren tly , w e feel that itis extremely illum inati ng to see the sub-resultan t c hain computation as ane¸ectiv e to ol for the fast sym b olic recursiv e in v ersion of structured ma- trices.A simila r matrix approac h has b een already considered in [1], [8], [12] and [28 ] but our metho d reac hes b etter complexit y estimates. A˛rst w ell-kno wn noticeable prop ert y relating Bezoutians with Euclid’s algorithmraises from the question of c hec king the relativ e primeness of t w o polynom ial s. Clearly , this can b e done b y computing the greatest common divisorb y means of the celebrated Euclidean sc heme (1.2). A di¸eren t matrixapproac h that go es bac k to MacDu¸ee [25 ] is based on the fact that () and ( ) are relativ ely prime if and only if det ( ( )) = 0, where denotesthe F rob enius matrix asso ciated with ( ), =10......0(1.3)From Barnett’s decomp osition [18 ], () = ( 1) ( ) (1.4) itholds that MacDu¸ee’s condition is equiv alen t to the non-singularit y of theBezoutian ( ). Anotherimp ortan t prop ert y relating Bezoutians and the Euclidean scheme concerns the concept of . Assume w e are giv en amatrix partitioned in to four blo c ks , = 1 2, where is andnon-singular. The Sc h ur complem en t of in is the matrix

QQZ``^ ` `` iii iii i `^^»» `2 »Proposition 1.1. 22 2 1 111 12 () ( ) +122;; ;;nn n knn ii m nm n m mmn m i i n m i nn SA A A A Bu; v BJ B u; v J J nn kk B B JB u; v J i i L km n r x S BB SJ B r ; r J ; m < n: JB u; v J BLUBO n On nc c ux v x On On nc ux v x Thele ading princip al submatrix of isnon-singular if and only if ther e exists , , such that. Mor e over, the Schur c omplement ofin satis˛es 4=that is obtained in one step of blo c k Gaussian elimination. To our kno wledge, the relations b et w een the Sc h ur complem en ts of () and the p olynomi als generated b y (1.2) ha v e not b een completely understoo d in the literature and no clear statemen t can b e found un til thepap er [4 ] where the authors ha v e sho wn that the computation of the Euclideansc heme can indeed b e reduced to computing a blo c k triangular factorizationof the matrix ^=( ) . Here and hereafter is the perm utation matrix with unit an ti-diagona l en tries. Suc h reduction relieson the follo wing : ^^ =() 1 == deg ( ) ^^ =( ) 1 Thisresult can b e used for the e‹cien t recursiv e ev aluation o v er the quotient ˛eld of a blo c k triangular factorization of b oth ( ) andother related structure d matrices (see [4], [11 ] and [14 ]). Moreo v er, it leadsto the fastest parallel implem en tation of the Euclidean sc heme o v er any ˛eld of constan ts [4 ], [13 ]. Inthis pap er w e dev elop a new metho d, based on prop osition 1.1 and onthe Bareiss fraction-free elimina tion sc heme [2 ], for the triangularization of^ov er the in tegral domai n . We pro v e that the structural in v ariance of the Bezoutian under Sc h ur complementation still holds if the Bareiss v arian t of Gaussian elimina tion is applied.In this w a y w e ma y devise an algorithm for the factorization of ^thatrequires ( ) arithmetic op erations among in teger n um b ers, where thelength of the in termediate v alues of the computation gro ws at most as ((log )), where is an upp er b ound of the mo duli of the co e‹cien ts of () and ( ). Both the b ounds on the arithmetic cost and on the length ofthe in tegers deliv ered b y the algorithm are optimal . Asan application of our algorithm w e presen t a new fraction-free imple- mentation of the Euclidean sc heme computation whic h deliv ers the (in te- ger)co e‹cien ts of all the pseudo-remainder sequence, in ( ) arithmetic operations b et w een ( log ( ))-bit in tegers, no matter the p olynomia l re- maindersequence is normal or not. Our approac h can also b e used for the sub-resultant c hain computation since w e sho w that the computed pseudo- remainderscoincide with the sub-resultan ts up to a suitable scaling factor. Ouralgorithm can b e directly extended to p olynomia ls with co e‹cien ts ov er more general in tegral domains [3 ]. Another extension is obtained b y replacingthe p olynom ial s ( ) and ( ) with p o w er series. In this case the hi ZZe00Z e^``````` ````2»» ^ !! ! `2 ``» » » » (0)(0)(0)(0)(1) ( 1) (1) () ( 1) (1) 1(1) +1(1) () ( 1) (1) (1) (1) nn ji;jnnkkkkkn k TkTkkk;k Tkk;k kn;kkjn ki;jki;jki;kkk;k kk;j BLULUB Ajj n j j A A AA a AAA : : : A ; AAM A ; MMI fi fi fi;fi fi fiaa: : : a ;: jI naa aaa; k i n; k j n; 5Bezoutian,as w ell as its Sc h ur complemen ts are in˛nite matrices asso ciated witha p o w er series remainder sequence, as de˛ned in [8]. Asa b y-pro duct, from the LU factorization of ^we obtain a triangular factorizationof the Sylv ester matrix that can b e used for certain p olynomi al computations.Thepap er is organized as follo ws. In section 2 w e revisit the Bareiss varian t of Gaussian elimi nation and prepare the to ols for the analysis of the factorizationof the Bezoutian. In section 3 w e describ e and analyze our algorithmfor the factorization o v er of the matrix ^.In section 4 the polynom ial v ersion of the algorithm for the computation of the p olynomi al remaindersequence is presen ted and analyzed. Section 5 con tains some extensionsand further applications. 2.PRELIMINARIES Letus b egin b y reviewing the Bareiss v arian t of Gaussian elimi nation formatrices with en tries o v er the in tegers [2 ]. Assumethat is a strongly non-singular matrix, i.e., for an y such that 1 , the leading principal submatrix of is non-singular.It is w ell kno wn from linear algebra that w e ma y reduce the matrix= = ( ) in to upp er triangular form b y using Gaussian elimination. That is, w e apply a sequence of transformations to , insuc h a w a y that is an upp er triangular matrix. Eac h trans- formation requires elemen tary ro w op erations only . A matrix description ofthe zeroing pro cess in v olv es certain elemen tary matrices called Gauss transformations.Sp eci˛cally , w e ˛nd that =(2.1) whereis an elemen tary matrix (Gauss transformation) de˛ned b y == ( ) Hereand hereafter denotes the th column of the iden tit y matrix oforder . Equation(2.1) leads to the follo wi ng rule for Gaussian elimina tion =+ 1 + 1 (2.2)

^~^~ QZeeQ e^e Z^e ``` fg f g fg f g f g ````–`»» ` 2» » ` ``!! ! »» ` (1) () 11 0 () () () () min+11 +1min () minmin +11 +1min () 01 1 (0)(1) ( 1) () () kk;k kkkk k n k Tkkn kkkkiikkiTi;ki; i; i;k kkiTi;ki;k i; i; i;k kkikk k nk k k k nkkki;jk; ; : : : ; n a AkEk EM E I fi fi fiE; E I ; EA A ; k n : Ain i i EAa : : : a : AE AA a : : : a ; EED E ; DI ; D ; A ; : : : ; A ; A ; : : : ; A : AA A : : : A ; EA A a ; k n ; 6which is applied for = 1 2 1. The en tries are referred toas the piv ots. This form ula clearly sho ws that the elimi nation pro cess produces fractions and, therefore, the en tries of the matrix at the thstep generally b elong to the quotien t ˛eld . How ev er, the up date equation (2.2) can b e suitably mo di˛ed in order to perform all the computations o v er the in tegral domain without mo ving tothe quotien t ˛eld. The resulting computational sc heme is due to Bareiss [2]who also prop osed extensions to more general in tegral domai ns [3 ]. Letus in tro duce the cum ulativ e elimina tion matrix , 1, suc h that== ( ) = (2.3) which satis˛es =1 1 (2.4) Inthe view of the ec helon form of , w e easily ˛nd that the v ectors ,1 1, consisting of the ˛rst en tries in the ( + 1)-st row of are suc h that () = (2.5) Sinceis strongly non-singular, the ro ws of are uniquely sp eci˛ed as thesolutions of the ab o v e linear systems. Replacingthe solutions of (2.5) with the corresp onding Cramer solu- tions() = det ( ) (2.6) isthe k ey to obtain an elimina tion pro cedure whic h w orks o v er . The matrix^whosero ws are de˛ned b y the v ectors can b e written as ^=where== Diag [1 det det det det ] TheBareiss triangularization sc heme relies on computation of the sequence =^^ ^ where^=^=( ^ ) 1 1 (2.7) ee00Z 0ehi 266664377775»» ` ``»» 2``»» » » ``` ````` ` ```````````` ``` ``` ``````` ` ` ``` ``11 11111 1 1(1) 1(1) (1) 1(1) 11(1) (1) +1(1) (2) 11 (2) 11 (1) (1) +1(1) 1() (1) ( 1) ( 1) ( 1) (2) 11 (1) 00 (1) kn EI ; AA;: : : ; AADfi fi fiDE ; EI ; AA;: : : ; AADfi fi fiAE: aA a ; k i; j n: aA a A AAA: Dfi fi fiADfi fi fia: : : a ;: aE a I ; a I aaE: aaa a a a;k i n; k j n; k; ; : : : ; n ; a AAaAkk kkkkkk Tkkkkk kkkkkk Tkkkki;jkki;jkk;k kkk;k kkkkkk kkk Tkk;k kn;kTkkk;k kkk;k kkk;k nk kk;k kn;kTkkki;jkk;k ki;jki;kkk;j kk;k ;kk;k 7For 1 1, from (2.3) there follo ws that ^=( Diag [ detdetdetdet]) ^and,therefore, ^=( Diag [ detdetdetdet]det)^(2.8)Comparing(2.4) and (2.7) sa ys that ^= det Inparticular, regarding at the piv ot en tries, w e ha v e ^= det = det detdet=det Theseequations allo w us to express the v ector of (2.8) in terms of theen tries of ^,=^^ Inthis w a y w e arriv e at the follo wi ng up date equation ^^=( Diag [ ^ ^ ] ^...^)^Thisgiv es the fraction-free elimi nation sc heme: ^= ^^ ^ ^ ^+1 + 1 (2.9) which is applied for = 1 2 1 with the initial condition ^ = 1. Asw e kno w, the assumption ab out the non-singularit y of the leading principalsubmatrices of can b e remo v ed. In practice, for a generic matrix ,the rule (2.9) should b e complem en ted with a suitable piv oting strategy which has to b e applied whenev er ^ = 0. The resulting algorithm will reducea p erm uted v ersion of in to upp er triangular form b y means of ringop erations and exact divisions only .

2^2Z332log3 () () 3ki;jkknn nn uTuOn m mm n On m n mm O m Om m O m m m aEOk k c c AAm n O n nc AOn n nc ABJ B J BB u; v vx x Bu; F F B u; B8Thearithmetic cost of Bareiss’ algorithm is the same as the one of Gaus- sianelimi natio n, i.e., ( ) arithmetic op erations. W e ma y easily compute anupp er b ound to the Bo olean cost if w e estimate the bit-length of the integers in v olv ed in the computation. In fact, if ( ) denotes the Bo olean costof the m ultipli cation of -bit in tegers and ( ) is the maxim um length ofthe in tegers in v olv ed in the computation, then ( ( ( ))) is an up- per b ound to the Bo olean complexit y of the Bareiss v arian t of Gaussian elimination. No w, -bit in teger m ultipl icatio n can b e p erformed with the customaryalgorithm at the cost ( ) = ( ), or b y means of Karat- subaalgorithm [6] at the cost ( ). The algorithm of Sc h- onhage- Strassen[29 ], based on FFT, reac hes the b est kno wn complexit y b ound () = ( log log log ), but with a larger o v erhead factor. In the current m ulti -precision pac k ages lik e GMP , the GNU Multi Precision pac k- age,all of the three algorithms are impl em en ted and applied according to thelength of the op erands. Relation(2.6) is the k ey to analyze the gro wth of the length of ^ andconsequen tly , the Bo olean cost of Bareiss’ algorithm . In fact, us- ingHadamard’s inequalit y , w e see that the length of the en tries of ^isb ounded b y ( log ) where is an upp er b ound on the magni tude of theen tries of the starting matrix . F rom (2.7) there follo ws that the same estimateshold for the en tries of ^,whence w e ha v e ( ) = ( log ). Inconclusion, w e are able to reduce a generic matrix in to its upper triangular form using the Bareiss in teger-preserving transformation algorithmat the o v erall cost of ( ( log )) Bo olean op erations. In the nextsection w e will explain ho w it is p ossible to impro v e this complexit y bound in the case where the matrix has the structure of a Bezoutian of tw o p olynomi al s with in teger co e‹cien ts. 3.TRIANGULARIZA TION OF BEZOUTIANS Inthis section w e in tro duce and analyze a division-free algorithm for computinga triangular factorization of the p erm uted Bezoutian ^=ov er the in tegers. F or this purp ose w e need a di¸eren t description of =( ). Bycom bini ng the Barnett factorization (1.4), applied with ( ) = , withthe symm etry of the Bezoutian w e obtain the in teresting comm uting propert y (1) = ( 1) (3.1) thatimplies the follo wi ng c haracterization of the en tries of .

^~ ii +1````````Proposition 3.1. we ww w wee e e0 ee e ee e ee e »» ` `» » `» » »» ` »» ` !! ´ ´ ´ ! +11 101 +11 +1+11 1+1 1+1 (0)(1) ( 1) (1) () ( ) TiTiTiTinu n ni nTTnn j unTunn n n Tunn n nTunTinTunTini nTnTinTunTini nTnTunnTunn TunTinTunn Tunni nTnTunTinTunnTunnn Tinu n ni nTT innmm iTher ows of the matrix c an b e c on- structed ac c or ding to the r e curr enc e: where we have , if , andis the F r ob enius matrix (1.3) asso ciate d with . Pro of BB JF J uu;i n : uv : : : v v j > m v x Fu x Bu; v BJ v F J J B u; J v J F J J B u; J : JF J JF J uu;i n; JF J uuvJ F J ; i n: JF J v J F J i n vJ F J J F J uuvJ F J v J F J : vJ F J JB u; J BBJ F J uuBB ; i n ; BBB B B BBB m i ; : : : ; L 9=^^ =+ 1 1 == 0 = deg ( ( )) () .F rom (1.4), using the symmetry of ( ), w e obtain that ^=( ) ( 1) = ( ) ( 1) Thero ws of the matrix satisfy =1 wherew e set = . There follo ws that (+ ) ( ) = 0 1 Sinceand ( ) comm ute, then, for 1 1, w e ˛nd that() + ( ) = ( ) Such recurrence s allo w the fast ev aluation of the ro ws of ( ) once we kno w the ˛rst one. Moreo v er, in the view of (3.1), b y m ultipl ying them onthe righ t b y ( 1) , w e obtain similar recursions for the ro ws of ^,namely , ^+^=^11 which establishes the prop osition. Now w e adjust the Bareiss in teger-preserving transformation algorithm appliedto ^inorder to exploit the structural prop erties of this matrix. We giv e an inductiv e description of the pro cedure, where the structure and theprop erties of the matrices in v olv ed are describ ed step b y step. Denote with^=^^ ^ thesequence of matrices generated b y our algorithm, where is upp er triangular.In particular w e fo cus our atten tion on the construction of thetransformation that maps ^to^,where , = 0 ,

0iiiZZ ZZ»– "# »– –22 26` 2``^` ^ ` ``^`` `^ ` ````````m; S B kk m k B bEB B TW Q;TQ EEEDb I ;E ; bb k BBB BG GC ;C : DB b G DG b C Q : BB Db G B ; bC G B G Q : k> Q S bQb S : Qrx r x 0() () () () ( ) () () ( ) ( ) ( ) () () (1) () (1) ( 1) 00 (0)( ) ( ) () (1) () (1) () () (1) 1(1) 1() () (1) () (1) () +1mikki;jkkkk kkk k k n k n k kkkkkk;k nk kk k kk;k ;kk Tkkknk n k kkkk;k Tkkk;k kkkm kkk;k Tkkk;k kTkkkmkk;k kkk;k mkii 10(= 0 = ^),are de˛ned as in prop osition 1.1. This reduction is accomplishedb y means of single steps of the Bareiss sc heme complem en ted witha suitable piv oting strategy . Assumethat after steps, = , 0, the computed matrix ^=(^)is suc h that ^^ =^=0(3.2)whereis upp er triangular and . F urther, letthe elimi nation matrix ^hav e the follo wi ng structure ^=0^where^=0 ( = 1) denotes the piv ot at the th step. Partition the matrix ^as^=^=^From (3.2) w e obtain the follo wing t w o matrix equations ^+^=0 and+^=Since^=^isnon-singular in the ligh t of prop osition 1.1, the former equationyields =^^andreplacing this expression in the latter pro vides ^(^)= Inother w ords for 0, coincides with the Sc h ur complem en t upto the m ulti pli cativ e factor ^,i.e., =^(3.3)Inthe view of prop osition 1.1, this means that has the structure of a perm uted Bezoutian asso ciated with the p olynomia ls ( ) and ( ) of

0e0Z ````````` ```` `^ ` `^ ` `^ ` !! ! `2»– 2435»– 266664377775+1+1+1+1+1+1+1+1 +1+1+1+1+1+1+1+1+1ii ii ii iii ii ii i iii ii i iii iii i iiii iii iiiiii iiii iii inm n m mm m m QBB QQQ Qn k n k QQJIQ: mm m m QQ JLUQQ S QQQ M; M ; : : : ; M IJIBB : : : B ; MI¸I bbb;¸bb;; ii ii i i kmm kmm kkkmm nm kii i i kmm kmm kmm kmmmm mm m mmm nm mm m mmmn m mm;m mn;mTmmm;m mmm;m mm;m m+1+1+1 () () ( ) () () ( ) () () () ( ) +1+1 () ( ) () ( ) () () ( ) +1+2 () ( +1) ( ) +1+1+11 () +1+1 () +1+1(1) +1() +1(1) 11degreeand , resp ect iv ely , de˛ned in (1.2). In particular, from(1.1) there follo ws that the ( ) ( ) leading principal submatrixof is a non-singular lo w er triangular (with resp ect to the anti-diagonal ) Hank el matrix. Now, consider the problem of determining ^from^.This issuecan b e addressed b y using scaled Gauss transformations applied to thematrix only . In other w ords w e fo cus our atten tion on the in teger preservingtransformation whic h yields from . T o b e more speci˛c, let ^denotethe ( ) ( ) matrix obtained b y p erm uting thero ws of in the follo wing w a y ^=00(3.4)Itcan b e easily seen that the ( ) ( ) leading prin- cipalsubmatrix ( ^)of ^isa non-singular upp er triangular To eplitz matrix. This fact strongly simpli ˛es the triangularization pro- cess.Moreo v er, the p erm utation in tro duced in this w a y do es nota¸ect the sough t factorization. In fact, the Sc h ur complemen t of (^)in ^coincideswith up to a suitable scaling factor. Thisis the k ey observ ation that allo ws us to apply the in teger preserving transformationk eeping unc hanged the Bezout structure of the Sc h ur com- plement. In this w a y , b y virtue of prop osition 1.1, w e obtain that issp eci˛ed b y its ˛rst ro w or column. Letus analyze more closely the transformation that pro vides the ˛rst row of from that of . The mo di˛ed Gauss elemen tary matrices ^^ ^ ,in v olv ed in the sequence of transformations 00 00 00 ^^ ^ aregiv en b y ^=00^...^^where=^^ rule1 0e0Z Z`` ````` ```` `````»» ` `2´´ ´ »» ` 2`` »» ` »– 2666643777752435 ! +1+1+1+1 +1+1+1+1+1+1+1iiii iii iiiiii iiii iii iii i iii iiiiii iiii i i iiii iiiii iii iiii jm m MI¸I bbb;¸bb;; : EM M IJIEEB B : EE ˛j m m j E˛E ¸ b : Qmm j Qj m m Q jQ ¸bb:QjQ ˛ bthec omputation of the ˛rst r ow of c an b e carrie d out by determining b oth the ˛rst and the -st r ow ofthe matrix , +1+++(+ 1) +1+ (+ 1) ++(+ 2) +1 + 1 +(+ 1) ++ (+ 2) +1 + 1 +1(+1) ++1 ++1 + + +1(1) () +1(+ ) +1(+ ) () +1() +1(1) (+ ) () +(1) ii mj mj mj n m j mj m;m j mj n;mj Tmj mj mj ;m j mj mj mj;m j mj mj ;m j mmm m mmm nm mmmmm mj i i mmj m m j;m j jmmm;m mii kj ii kj kjmmm;m mm;m jkj kmj mm;m 12and,for 2 , b y ^=00^...^^with=^^Ifw e set ^=^00 00 00 ^thenw e ˛nd that ^^ =^Moreov er, the matrix ^hasthe same structure as ^,and the di- agonalen tries , 1 1, in p osition + of the matrix ^,are suc h that =( ^)= ^(3.5)From the structure of eac h Gauss transformation, w e also deduce the following k ey prop ert y: (+ 1) 1. No w, the ˛rst ro w of is given b y the ( + 1)-st ro w of ^multipli ed b y =^^(3.6)Hence,the computation of the ˛rst ro w of can b e e‹cien tly p er- formedo v er the in tegers in t w o steps b y means of the follo wi ng :˛rstly, m ultiply the ( + 1)-st ro w of ^by and, secondly , divide theresult b y ^.

``` ` ` ``` `^`^```rule2 rule1 rule2 »» `` ```»» `2–2›`›–»» ` 2+1+1+1+1+1+1+1+1+1000 +1Algorithm. 1 Input:ZOutput: ZZiiiiiiii iiiii iiiii iiiii iiiii iiiii iiiiiiFr action-fr e e triangularization of Bezoutians bm j h n mm j Q jbbb b b bj; : : : ; m m bbb b b b:bmj h n Q Bnm BB J B u; v J u x v x nm n m ux v x BBBfx u v x m mm n m b i m< n mB Q mm m mB Qj m Qf x xmj m;h iii mj mj m;h mm;m mm;h mm;m mm;h mm;m ii mj m;h mj mj;m j mj m;h mj m;m j mj mj;h mj mj ;m j mj mj;h imj nn nnn nmm;m iinm ii i inmj imi(+ ) +1+1(+ ) (+ ) +1() +1() +1() +1+1 () (1) +1(+ ) +1(+ 1) ++ (+ 1) +1(+ 1) +1+ (+ 1) +(+ 2) +1 + 1 (+ 1) +(+ ) (0)(1) (0)101 (1) +1(1) ( ) +1+1(1) (+ ) +1() +213For the ev aluation of the en tries ^,+ , in the (+ 1)-st ro w of the matrix , the follo wi ng form ul ae canb e used: :for= 1, compute ^=^^ ^ ^ ^;otherwise,for = 2 , compute ^=^^ ^ ^ ^Theseform ulae can b e pro v ed b y observing that the en tries ^,+, are lo cated on the ˛rst ro w of . Inthis w a y , w e ˛nally obtain the follo wing fraction-free algorithm that transformsa p erm uted Bezoutian ^into its upp er triangular form b y using asort of structured Gaussian eliminati on. .theen tries of (the ˛rst ro ws of ) the p erm uted Bezoutian ^=^=( ) , where ( ) and ( ) are t w o p olynom ial s within teger co e‹cien ts of degree and , , resp ectiv ely . Alterna- tively , the co e‹cien ts of the p olynomia ls ( ) and ( ). thein teger en tries of an upp er triangular matrix ^obtainedfrom ^by ro w op erations only . Bymeans of a direct insp ection of the ˛rst ro w of ^,˛nd the integer co e‹cien ts of ( ) = ( ) as w ell as its degree . Set =0 and = . Initialize ^=1, = 0. Whiledo: 1.Let the ( + 1)-st ro w of ^be equal to the ˛rst ro w of ^(compare(3.2)). If + 2, then ev aluate the ro ws + 2 throughof ^by recursiv ely applying for the com- putationof the ˛rst ro w of with 1 1. 2.Determine the ˛rst ro w of b y means of . Let ( ) [] b e the p olynomi al whose co e‹cien ts are giv en b y the en tries of such ro w.

`iiii ii ZDDDD Z+1+1+1+1 1``` ``` ` ```6``fg 66 –2 `» » 22 n f g 2`ii i ii nm ii i ii ii minm i i n m ii niiiLiiii i i i i ii i i i i L ii ”” i+2+2 +2 +1+2 (1) ( ) +2+2 +2 +2+2 +2+1 () +2+1+2 +1(1) +122=001 11 1 +1 +1+1 01 1 +1+1fx f x m n mm B Q fx > m n f x fx f x mm Qfx JB f ; f J ; ii mm B O m mn On cBOn nc On n nc m mJB u; v J ux v x fx fx f x Lf x x ȷf x t x f x ‚ f x ; i L; tx x ; f x ” > ” ; ȷ ; ‚ ; f x : fx ; f x x ȷ f x ‚ fx f x 143.If ( ) = 0 or deg ( ( )) = 0, then set = . The ro ws +1 through of ^arede˛ned b y those of ^.4.Otherwise, if deg( ( )) 0, then set = deg ( ( )) and denoteas lc( ( )) = 0 the leading co e‹cien t of ( ). Construct thero w 1 through + 1 of =1lc(( )) () by using prop osition 3.1. 5.Set = + 1. Concerningthe cost analysis of this algorithm , w e ˛rst observ e that the computationof the ro ws + 1 through of ^requires(( )) arithmetic op erations. This yields the o v erall arithmetic cost of () op erations and, therefore, our algorithm is asymptotically optimal inthe arithmetic mo del of computation. Moreo v er, if is an upp er b ound onthe magni tude of the en tries of , then the length of the in tegers in v olv ed inthe computation is ( (log )) bits. Hence, the o v erall Bo olean cost is( ( log )), where ( ) denotes the Bo olean cost of m ultipl icatio n of-bit in tegers. 4.SUB-RESUL T ANT CHAIN COMPUT A TION Sofar w e ha v e seen ho w a p erm uted Bezoutian ( ) can e‹cien tly be reduced in to upp er triangular form b y means of a fraction-free elimina- tionsc heme. In this section w e mak e use of this result in order to dev elop anew algorithm for the computation of a p olynom ial remainder sequence, generatedb y ( ) and b y ( ), o v er the in tegral domai n . Asequence of p olynomi al s ( ) is a p olynomi al remainder se- quence(p.r.s.) of ( ) = 0 and ( ) = 0 o v er the in tegral domai n if 1,( ) [ ] and () = ( ) ( ) ( ) 1 (4.1) where() [ ] deg ( ( )) = 0 ( ) = 0 If( ) ( ) [ ], then, setting = (lc( ( ))) and = 1,where lc( ( )) denotes the leading co e‹cien t of ( ), w e de˛ne the

^^ ZZDQ DDDD QDZ ZZ +101=0200000(+ ) ( + ) 022fg 22 n f g ’^S22 » S Sii ii iLiii Lii L nnmmmn m n n m i;k26666666666643777777777775»– tx f x fx u x x fx v x x u x v x ȷ‚ rx ȷ‚ ux ; v x ; f x ; : : : ; f x fx ; g x x f x gx f x g x a; b afx bg x f x g x fx g x rx f x f x ux v x ux v x ux v x u x vx n m n m ux v x u: : : u u: : : u v: : : v v: : : : : : v UV;UV k k < m km U kn V k 15process of pseudo-divisions (4.1), whic h alw a ys yields a pseudo-quotien t () and a pseudo-remainder ( ) with in teger co e‹cien ts. It is w ell known that the sequence generated in this w a y ma y su¸er from an exp onen- tialgro wth of the length of the co e‹cien ts. This ma y mak e the algorithm unusable for the large Bo olean cost. Throughoutthis section w e will assume that ( ) = ( ) [ ] and () = ( ) [ ], that is, w e are considering p.r.s. of ( ) and ( ). Byc ho osing = = 1, w e obtain the Euclidean sc heme (1.2) for the computationof a p.r.s. ( ) o v er the quotien t ˛eld = . Other di¸erent selections of the rational v alues of and , giv e p olynomi al remaindersequences ( ) ( ) ( ) ( ) in whic h the previous one canb e em b edded up to simil arit y . Sp eci˛cally , let ( ) ( ) [ ], ( ) and( ) are called simila r ( ( ) ( )) i¸ there exist 0 such that ( ) = ( ). As a sp ecial case ( ) and ( ) are asso ciates (( ) ( )) i¸ they are simila r and the co e‹cien ts of simila rit y are units, i.e.,elemen ts of with a m ultipl icativ e in v erse in . Then, it can b e easily seenthat ( ) ( ) and, therefore, ( ) is a scalar m ulti ple of the gcd of( ) and ( ) computed o v er . Theproblem w e are mainly in terested is the fast computation of a p.r.s.of ( ) and ( ) o v er the in tegral domain = . The resulting Boolean cost clearly dep ends on the co e‹cien t gro wth whic h can b e k ept down b y remo ving greatest comm on divisors. Ho w ev er, gcd computations aregenerally exp ensiv e and so they should b e a v oided. An alternativ e approach whic h do es not require gcd computations consists of p erforming pseudo-divisionswhereb y factors kno wn to exist are systematically remo v ed fromthe co e‹cien ts of the pseudo-remainders. Thefundamen tal theorem of sub-resultan ts (see [7 ], [9] and [24 ]) relates by simil arit y a p.r.s. of ( ) and ( ) with the sub-resultan t c hain of ( ) and( ) de˛ned as follo ws. The ( + ) ( + ) resultan t or Sylv ester matrixof ( ) and ( ) is giv en b y =..................=(4.2) whereand . F or , 0 , let b e thesubmatrix of obtained b y deleting the last of the ro ws of , the lastof the ro ws of , and the last 2 + 1 columns excepting column

ZQXYY YY YY``````````1+1+1 +2 1 +11 11+11 +2 1+211+2 1````````` ` ` ``````` ````` ```` ``ii ij jij ij i i j j ij jij ij i i jj jij i i jij i i jj `` 2 Sfg » » »» ` » » »» fg f ` g fg f ` g ^f` g f` g ^`» » =010 =0112=02=0+112=0+112=0+1+1+1++1 12=0+112=0+1+11++1 kkkii;kimiLiii i i i” ” kL i i ii ji”” i”ji”” ”” i”” i”” jjji”” i”ji”” ”” i”” i”” jj”ji”” i”” j”ji”” i”” j”” jii mn k i s x x sx x ; ku x v x ux v x s x : : : s x fx ux v x f x ” c f x fx s x s x ; i L sx ; k ” ” < k < ” ; i L: ȷ‚ j L ȷs x ‚ c ȷ f x ; ȷs x ‚ c cf x : sx r x r x ; sx r x rx r x ; ”n m ; i L: 16+. The p olynomial ( ) [ ] de˛ned b y () = det ( ) iscalled the -th sub-resultan t of ( ) and ( ). Considerthe sub-resultan t c hain ( ), ( ), ( ), , ( ). The fundamental theorem of sub-resultan ts establishes for an y p.r.s. ( ) of( ) and ( ) o v er with deg( ( )) = and = lc( ( )), that () ( ) ( ) 2 (4.3) and() = 0 0 or 1 2 Moreov er, the co e‹cien ts of simil arit y in (4.3) are giv en explicitly in terms ofand of (4.1). Sp eci˛cally , for 2 , w e ha v e [24 ], () = ( 1) ( ) and() = ( 1) () Byapplying these results to the Euclidean p.r.s. (1.2), w e easily ˛nd that() = ( 1) (lc( ( )) ( ) (4.4) and() = ( 1) (lc( ( )) (lc(( )) ( ) (4.5) where=0 (4.6)

YYZZ````Proposition 4.1. ``` ` `` ` `` ``` ```` ``fg 2» » ` fg fg »» ` fg ’» » ` 1+11+1+1+1+1 +1+1+1+1 +1+21 +21 iiii iiii iii ii i ii iiii iiii ii i ii iii jj i i jj i i iFor the p olynomial se quenc e , ,, gener ate d by algorithm 1 we have =001() +1(1) +1(+1) () +1(+1) (1) ( 1) (1) +1(1) (1) 2=0+1+12=0+1+1+1=001+11 23iLiii mimm;m ii mmm;m mm;m mm m m;m mmm;m mmm;m ii mm m m;m mm;m nm nijjmm imm inm nijjmm imm iiLiinm n”JB u; v J fx f x u x fx v x f x x i L n m Qfx b r x r x QbbbS b S ; br x r x b : bu r x r x : fx urx r x r x ; iL fx f x ux f x v x fx u s x ; i L : ux v x On n nc cOn n nc 17Similar relations also hold for the p olynomi al sequence pro vided b y algo- rithm1 for reducing ( ) in to an upp er triangular form. From no w on ( ) is the p olynom ial sequence where ( ) = ( ), () = ( ) and ( ) [ ], 2 , is the p olynomi al of degree whoseco e‹cien ts are determined b y the en tries of the ˛rst ro w of (comparewith step 2 of the algorithm 1). In the view of (3.3), w e ha v e () = ^lc(( )) ( ) (4.7) Moreov er, b y using (3.3), (3.6) and (3.5), w e obtain that =( ^^)^=^which implies ^=(lc( ( ))lc ( ( ))) ^Byinduction, w e then ˛nd that ^=(lc( ( ))) (lc( ( ))) Replacingthis expression in to relation (4.7), this results in () =(lc ( ( ))) (lc( ( ))) ( ) (4.8) for1 1. Putting (4.5), (4.6) and (4.8) together, w e ˛nally arriv e atthe next prop osition. () ( ) = () ( ) = ( ) () ( ) 1 1 Inconclusion, our fraction-free sc heme for Bezoutian triangularization yieldsa fast metho d to compute the sub-resultan t c hain of ( ) and ( ) ov er the in tegral domai n . The o v erall cost is ( ( log )) Bo olean operations, where here denotes an upp er b ound on the magnitude of the coe‹cien ts of the input p olynom ial s. F or comparison, the sub-resultan t p.r.s.metho d b y A. Akritas [1 ], based on the triangularization of the resul- tant matrix, requires ( ( log )) Bo olean op erations since it is based onan unstructured v ersion of Gaussian elimina tion. Di¸eren tly , the sub- resultant metho d of [8 ] uses a fast elimi nation pro cedure but, ho w ev er, a quadraticco e‹cien t gro wth can o ccur so slo wing do wn the o v erall Bo olean cost.The same criticism applies to the algorithms of [15 ].

`+1Zy y `` `^ ii iiiii26666437777521+1+1() () () () () qmm iTiii k kTii mqmqmqqmqqmqcOn n nc y; : : : ; y Jfx LDL fx mm J k kJ JB J LDL qm m > q q QQ JQ JQ C:: : Q185.CONCLUSIONS AND FUR THER EXTENSIONS We ha v e seen that the Bareiss v arian t of Gaussian eliminatio n can b e ap- pliedto factoring a p erm uted Bezoutian k eeping unc hanged the structural properties of the Sc h ur complemen ts. This pro vides a fast division-free algorithmfor computing a p olynomial remainder sequence of t w o p olyno- mialswith -bit in teger co e‹cien ts within the Bo olean complexit y b ound (( log )). Thesame result trivially holds for p olynomi als ha ving co e‹cien ts o v er ageneral in tegral domai n, sa y [ ], for = ( ) b eing a set of indeterminates.We observ e that, due to the p erm utation matrices used at thegeneral stage of the algorithm, the sequence of p olynomi als ( ) that isobtained in this w a y is not a Sturm sequence. In other w ords, b ecause ofthe p erm utations, the matrix factorization cannot b e transformed in to anone. Inorder to obtain a Sturm sequence w e ha v e to c hange the sign of ( ) accordingto the v alues of . In fact, det = 1 for = 2 mo d 4 or= 3 mo d 4, while det = 1 otherwise. Di¸eren tly , b y means of a sligh t change in the p erm utation strategy , it is p ossible to obtain righ t a w a y a Sturmsequence without taking care ab out the sign of the p erm utations. Theidea relies on applying a suitable p erm utation b oth to the ro ws and to thecolumns of so that the Sc h ur complem en t obtained in this w a y is structurallyunc hanged. This strategy also leads to a metho d for computing thefactorization of a p erm uted Bezoutian that is a useful to ol in thesolution of ro ot-lo calization problems [22 ]. More precisely , without loss ofgeneralit y assume that = 1 and consider the leading principalsubmatrix of whic h is a lo w er triangular (with resp ect tothe an ti-diagona l) Hank el matrix. Unlik e algorithm 1, where w e apply thero w p erm utation to the matrix in order to ˛nd the triangular matrix, here w e apply the circulan t p erm utation =00 1 10 ...0.........01 0 both to the columns and to the ro ws of , that is, w e consider the iii``` ```^ ` ^^`^ ` SS`qmqTqqmqTqqq qq mTnnn () () 12 1 121 11 2 () 00110 01 2226666643777775»– » – » – 264375264375CQ C CQ C aa a : : : a a: : : a: : : a aa : : : a ;qq qq QLDL LUJO Wv W u IO OB u; v Wu W u IO Wu u: : : u uO ;W u Ou u: : : u :LUOn On n nc ux w x v x z x r x 19matrixha ving the structure =00 0 00 ...............0wherethe ( 2) ( 2) trailing principal submatrix is a lo w er triangular Hankel matrix. The2 2 leading principal submatrix of the ab o v e matrix is non- singular,therefore it is p ossible to apply one step of 2 2 blo c k Gaussian elimination in the Bareiss v ersion [2 ]. It is imm ediate to v erify that the Sch ur complem en t obtained in this w a y coincides with the ( 2) ( 2) trailingprincipal submatrix and no arithmetic op eration is needed in this computation.The p erm utation p olicy , together with the Sc h ur comple- mentation b y means of blo c k Gaussian eliminatio n in the Bareiss v ersion, canb e recursiv ely applied to the whole matrix . In this w a y w e arriv e atthe factorization of a p erm uted Bezoutian, where the same p er- mutatio n acts b oth on the ro ws and on the columns. Bounds to the gro wth ofthe lengths of the in termediate in tegers generated b y this sc heme can b e given simila rly to the ones of section 3. Anin teresting application of the factorization of the p erm uted Be- zoutiancomes from the follo wing form ul a (see [21 ]) that relates Bezoutians withthe resultan t or Sylv ester matrix of (4.2) =() ( ) ( ) ^() ( ) where() = ......^() = ......Given the decomp osition of a p erm uted Bezoutian o v er the in tegers, the abo v e form ula enable us to solv e a Sylv ester system in ( ) arithmetic operations b y a v oiding explicit divisions within the o v erall Bo olean cost (( log )). This fact ˛nds applications in the solution of p olynomi al congruenceslik e ( ) ( ) + ( ) ( ) = ( ) that can b e reduced to solving Sylvester systems. Anotherextension of our algorithm concerns computations with p o w er seriesremainder sequence s and P ad « e fractions. Let us recall the follo wing de˛nitionsfrom [8 ].

Z+1ii 62fg 6``‚`‚``` ```` 11 1`` efinitionefinitionemarkPP X2643752664377526437526643775st ii i ; ;::: ii i i ss ii ii i ii i nn iiiiiii;ji;j ; ;::: i;ji;jij +=1 0 10 1 0 +11 +1 ++1+1 +1+1 111 +=00+=0=12 +=111 12 201 012 201 0sqx R x R R x ux v x s ¸ux q x v x x ˛ R x t> ¸; ˛ ux v x ss ; R x ss s R x u x R x v x ¸R x q x R x x ˛ R x ; i ; : : : qx R x s Rx R x s JB u; v J Bu ; v u x x u x v x x v x LUBu; v u x v x ux u x u v x v x ux v x Bb ux v y u y v x xy bx y ; Bu; v uu : : : uvv : : : vvv : : : vuu : : : u; 20D5.1. Let b e a non-negativ e in teger. The p o w er series (), ( ), where (0) = 0 or ( ) = 0 are de˛ned to b e a p o w er series pseudo-quotient and a pseudo-remainder, on p o w er series pseudo-division of( ) and ( ) with resp ect to , if () + ( ) ( ) = ( ) (5.1) forsome in teger 0 and some non-zero . D5.2. Giv en p o w er series ( ), ( ), and a nonnegativ e in- teger, a p o w er series remainder sequence is the sequence ( ) , where= 1, = , ( ) = ( ), ( ) = ( ), and () + ( ) ( ) = ( ) = 0 (5.2) where( ) and ( ) and are resp ec tiv ely a p o w er series pseudo- quotient, a pseudo-remainder and the scaling factor on pseudo-division of () b y ( ) with resp ec t to . Letus ˛rst p oin t out the follo wi ng: R5.1. F rom the de˛nition of Bezoutian it holds ( ) = (~ ~ ), where ~( ) = ( ), ~ ( ) = ( ). Hence, in the ligh t of proposition 1.1 the blo c k factorization of the unp erm uted Bezoutian () corresp onds to applying the Euclidean sc heme to ~( ) and ~ ( ). Given t w o p o w er series ( ) = , = 0, ( ) = , we ma y de˛ne the Bezoutian asso ciated with ( ) and ( ) as the in˛nite matrix= ( ) suc h that () ( ) ( ) ( ) =Moreov er, the matrix equation (1.1) can b e easily extended to the case of po w er series, where the four matrices in v olv ed are in˛nite, i.e., () = ..........................................(5.3)

Pi1``````0000 00052221024`66fg ^–fg Numer.Math., +=000001 0=1 0 10+1=1 0 Proposition 5.1. Proposition 5.2. vuiiiss sssii i ; ;::: ik k ksii ii i ; ;::: iBu; v ux v x B u; v B u; v vx v x u x v x v vux v x u v: : : v v Bu; v B u; v S Bu; v B u; v S S x v ; w w x ux v x sux v x s; R x sk k BB u; v i ks : : : s S B BSB x R ; R : LUBu; v s; R x u x v x nm n R i ; : : : ; m 1A.G. Akritas, ,(1988), pp.119-127. 2E. Bareiss, Math.Comp., (1968), pp. 565-578. 3E. Bareiss, ,J. Inst. Maths Applcs., (1972), pp. 68-104. 4D. Bini, L. Gemignani, ,SIAM J. Comput., (1995), pp.63-77. Anew metho d for computing greatest common divis or and polyno mial remainder sequences Sylvester’s iden tit y and m ultistep in teger-preservin g Gaussian eliminati on, Computationalsolution of matrix problems o v er an in tegral do- mainFast parallel computation of the p olynomi al remain- dersequence via Bezout and Hank el matrices Considerthe p ower series , such that ,, . Then the le ading princip al subma- trixof is nonsingular and the Schur c omplement of inis such that wher e is the pseudo-remainder on p ower series pseudo-division of and with resp e ct to . Let and b e the p ower series de˛ne d in prop osition 5.1 and the p ower series r emainder se quenc e ofde˛nition 2, wher e . Then, the le ading princip al submatrix ofis non-singular if and only if ther e exists an inte ger suchthat . Mor e over, the Schur c omplement of in satis˛es21Observe also that from the bilinearit y of the Bezoutian ( ) asso ci- atedwith the p o w er series ( ) and ( ), w e ha v e ( ) = ( ~ ), where ~( ) = ( ) ( ) = ~ , is suc h that ~ = 0. Th us, without loss ofgeneralit y w e ma y assume that = 0. Thefollo wi ng prop osition can b e easily obtained b y rephrasing in terms ofp o w er series the pro of of the analogous result giv en in [4] in terms of polynom ial s, in the ligh t of remark 5.1. () ( ) = 0= = = 0 = 0 (( )) ( ) (( )) ( ) = ( ) ( ) () ( ) Therecursiv e application of the ab o v e prop osition leads to the follo wing result.() ( ) () =1 =( ) 0 =+ + =( ) Thus, from the ab o v e result, it follo ws that the (blo c k) factorization of( ) corresp onds to compute the p o w er series remainder sequence () , of ( ) and ( ), and our algorithm of section 3 can b e usedto compute, for an y and , the ˛rst co e‹cien ts of , = 1 . REFERENCES

22J.Assoc. Comput. Mach., 25181014411824925350122Erratum:F ast parallel computation of the p olyno - mialremainder sequence via Bezout and Hank el matrices Polynomi al and matrix computation s, v olume 1: F unda- mental algorithms, OnEuclid’s algorith m and the computation of p olynomia l greatestcommon divisors Po w er series remainder sequences and P ad « e fractions ov er an in tegral domain Subresultants and reduced p olyno mial remainder sequences, Ap olynomi al approac h to linear algebra, Fast in v ersion of Hank el and T o eplitz matrices Solving Hank el systems o v er the in tegers Computationally e‹cien t applica tion s of the Euclidea n algo- rithmto zero lo cation Sch ur complemen ts of Bezoutians and the in v ersion of blo c k Hankel and T o eplitz matrices GCDof p olynomia ls and Bezout matrices Onthe partial realizatio n problem Algebraicmetho ds for T o eplitz-li k e matrices and op er- ators,BezoutiansHankel and T o eplitz Matrices and F orms Linearsystems TheTheory of Matrices, Second Edition, with Applications 5D. Bini, L. Gemignani, ,SIAM J. Comput., (1996),p. 1358. 6D. Bini, V. P an, Birkh-auser, Boston, MA, 1994. 7W. S. Bro wn, ,J. A CM, (1971), pp. 478-504. 8S. Caba y , P . Kosso wski, ,J. Sym b olic Computation, (1990), pp. 139-163. 9G.E. Collin s, (1967),pp. 128-142. 10P . A. F uhrmann, Springer-V erlag , NewY ork, NY, 1996. 11L. Gemignani, , Information Processing Letters, (1992), pp. 119-123. 12L. Gemignani , , J. Sym b olic Com- putation,(1994), pp. 573-584. 13L. Gemignani , ,Linear Algebra Appl., (1996), pp. 79-91. 14L. Gemignani , ,Linear Algebra Appl., (1997), pp. 39-59. 15L. Gemignani , , TR 97-03, Com- puterScience Dep., Univ ersit y of Pisa. T o app ear on the pro ceedin gs of ISSAC97. 16W. B. Gragg, A. Lindqui st, , Linear Al- gebraAppl., (1983), pp. 277-319. 17G. Heinig, K. Rost, Birkh-auser, Boston, MA, (1984). 18U. Helmk e, P . A. F uhrmann, , Linear Algebra Appl., (1989), pp.1039-1097. 19I. S. Ioh vido v, , Birkh- auser, Boston, MA,(1984). 20T. Kailath, , Pren tice-Hall Inc., Englew o o d Cli¸s, N.J., 1980. 21P . Lancaster, M. Tismenetsky , AcademicPress, Orlando 1985.

233857137GeneralizedBezoutians and families of e‹cient zero-lo cation pro cedures Cauch y index computation Generalized p olynomia l remainder sequences Someapplic atio ns of matrices in the theory of equations, Practicalfast p olynomi al m ultipl ica tion Basicalgorithms in real algebrai c geometry and their complex- ity: from Sturm’s theorem to the existen tial theory of reals, GCDof p olynomia ls and Hank el matrices Schnell e m ultipli k ati on grosse Zahlen 22H. Lev-Ari, Y. Bistritz, T. Kailath, ,IEEE T ransactions on Circuits and Sys- tems,(1991), pp. 170-186. 23T. Lic kteig, M. F. Ro y , , CALCOLO, to app ear. 24R. Lo os, , Computer algebra symb oli c and algebraic computations , B. Buc h b erger, G . E. Collin s, R. Loos eds., Springer (1982), pp. 115-137. 25C. C. MacDu¸ee, Am.Math. Mon., (1930), pp. 154-161. 26R. T. Mo enc k, , in Pro c. SYM- SAC’76, ed. R. D. Jenks, A CM Press (1976), pp. 166- 176. 27M. F. Ro y , Lectureson RealGeometry in memoriam of Mario Raimondo, de Gruyter Exp ositions inMathematics, to app ear. 28J. R. Sendra, J. Llo v et, , J. Sym- bolic Computation, (1992), pp. 25-39. 29A. Sc h- onage, V. Strassen, , Computing, (1971),pp. 281-292.