1 UNIVERSIT¸ DI PISADipartimento di InformaticaGeneralized Bundle MethodsDecember 12, 2000: Corso Italia 40, 56125 Pisa, Italy. T: +39 050 887111, F: +39 050 887226

2 study of properties. Under on we point, or on of serious steps for aof i.e., of (tapproach. serious steps, is of -For of proofs, of *-Keywords: nondifferentiable optimization, bundle methods0. Introduction() ( ) : }f : n X ˝ n isconvex. is known that, , value ( ) and one ˚). we X = ⁄8, study of for of (0.1), term,

�Department of Computer Science, University of Pisa ¥ Corso Italia 40, 56125 Pisa - Italye-mail: frangio@di.unipi.it ¥ Ph. +39 050 887289 ¥ Fax. +39 050 887226

A. Frangioni3conditions, is of)ff in of { } f-values }b = { zi ˛ ¶f( xi ) }xł is as d* step, otherwise, proposed of them,proposed as shown our class. Also, our forms for for — when is function. Aof — indeed, of of does of (0.1), shown of problem. of is forfor such as of (of (t [Au97], our of is ⁄1 is of ofmethods. of of of discussion of fortproofs of of sequences, ⁄6 is of serious ⁄7 is is for ofterms. of methods, e.g. ⁄9 is used. two w is denoted by vw. || v ||p stands for the Lp norm of the vector v, and the 0 of d LpBp( d ). , ) = 0 is indicator function, sX( z ) = supx { zx : x ˛ X } is its support function and dX( y ) = { — :x ˛ X } is the of . , ( ) is , = (, ) : ( ) is its , = { : ( ) < } is its and ( ) = ( ) dfd ( ) : ,

4v(P) denotes the optimal value of f over X; as usual, X = O/ (P) = +1. Duality for generalized bundle methodsof on f*( ) = sup — ( ) .* is )*)* = f) £ � *1 ‡ *21.iii)( + ))*( ) = *( ) — , x) ( ) *( )) ( ) ( ) + *( ) £ + e) = ( ) + *( ) ( )) ( ) + *( ), x — £ ( ) sup — ( ) = *( ) £ e.that, when is ( ) ( ), *( ) for we of , of 1.1. The dual problem) = inf ( ) = — sup 0 — ( ) = — *( 0 ),) *( ) : = 0 .) = ) is aof * (cf. 1.v)). Furthermore, of (1.2) w.r.t. the constraints z = 0, using xłxł) *( ) — zxł .From (1.1) and 1.), one has— xł) = sup ł — *( ) } = (*)*( xł ) = ( xł (1.3) as has forcomputing f( xłxł *( ), )

A. Frangioni5 f(1, xł) supports set. (0.1) is of (1.2) w.r.t. constraints z = 0.1.2. Approximations of and bundle algorithmsis of solves (0.1) — or, (1.2) — fon of of function, i.e., , so (Pb,xł) ( xł + ) }bound on (0.1). d* of (1.4) is used asis Newton methods. From viewpoint, f*bxł) b*( ) — ł : = 0 }f( ) = max — *( ) : ,fb*( ) = inf : = , q ˛ Q }where = { = 1 , q ‡ 0 } is [HL93b — X.3.4.1]; fb* = ( ). Using f (1.4) [HL93b —XII.4.2.1], unknown is known f�b(1.5), * is known fb1.3. Stabilized master problemsis is Furthermore, two is known as of tis xł, > 0 is of t. is, (Pb,xł) ( xł + d ) + Dt( d ) }is solved, d* is used as By xł) b*( ) — ł*t( — ) .

6Under (cf. 2.1 below), xł) = ,xł). corresponds *t = ofproposed so far, is factor, =2, or of ball, = I(˚t˚). In we ˚) to have any specific form.ff)two In of methods, for ( ) = *( ) — ł + ( xł ) = ( xł ) — ( ) — ( xł — ) 0of w.r.t. xłof *( ). corresponds function fxł( ) = ( xł + d ) — ( xł ) xł, of(1.8) which uses xł,bof *xł, of of xł, of *. Furthermore, on errors of of on xłf1.4. Stabilization in the original problemsxł) *( ) — ł*t( — ) .xł)t( xł ) = inf ( xł + ) + t( ) .focus on (1.12), is of xł. With a proper Dt [BPP91], ft has ft(1.12) ofbox for is as as (0.1); fbfxł. If tprocess eventually solves (0.1).focuses on (1.2) (1.11), = 0 xłz (with xł) *t( ) function. A(1.11) xł using — is (1.9) for solves (1.3), xł + d) gives a lower bound on (1.11) is of *t( ). Hence, ais one, of (1.9) (1.3) isxłxł

A. Frangioni7— — xł ) as ( — xł ), of (1.3), i.e. (1.2), is However, our *, process fhas using e ¶ef f2. Properties of subproblem solutionsLemma 2.1: let fb and Dt be two closed convex functions such that dom ( xł + ) dom „xł,t) = —,xł,t);—z* ˛ ¶Dt( d* )d* ˛ ¶D*t( —z* );* ( xł + d* )xł + * b*( z* );( xł + * ) + b*( * ) = *( xł + d* );t*t( —* ) = —. (2.1) is [HL93b — (X.2.3.2)]. [HL93b — XII.5.4.1] non-[HL93b — (X.2.3.Q.jj�)] (1.8) — (1.9) show solution d* of (1.8) belongs to ¶[fb( xł + . )]*( z* ) ¶*tzd *t( * ) and, ), xł + * b*( * ). For the rest, apply 1.) and 1.¤2.1 is on of ; works for is of ). on of results, ⁄8fbf (1.12) (1.11). Ingeneral, when ( *b ‡ * by )) of Lemma 2.2: if f f and the hypothesis of Lemma 2.1 hold, then the optimal value of = ( xł + * ) — ( xł + * ) ‡ 0,xł) — xł) xł xł) xł,t) comes from f*b ‡ *. From (2.2),*t( —z ) ‡ D*t( —* ) — *( — * ) .Add *( ) — łfb*( * ) — xł*( ) — ł*t( — ) ‡ xł) — [ b*( * ) — *( ) + (xł + *)( — * ) ] .

8on on sides (1.11) on xł + * plus ( xł + d* ) (via (2.4)) on the right.¤ = b*( * ) — *( ) + ( xł + * )( — * )where ( xłdzxł + terms, of which, by (2.4), is xł *t *. xł + d* is of between (1.9) and (1.11); thus, if Df = 0 then z* is optimal for (1.11) b*( * ) = *( * )), d* isoptimal for (1.12).If *b f* = b*( * ) — xł + ( xł ) ‡ 0(use 1.)); using 1.) in (2.9) one obtains* ( xł ).xł (cf. (1.10)).choices, such as = 2 = f.is d* = — *, is3. Conditions on ttttat > 0, t( 0 ) = 0 and 0 ˛ ¶t( 0 )."teSe( Dt˛ Se( Dt).t > 0, lim|| d || t( ) / || || = + (t is strongly coercivett t tttt ttt*t:t > 0, *t˛ ¶D*t( 0 ).t > 0 and > 0, e( *t e*tt > 0, *t is finite everywhere.t > 0, *t *t*t

A. Frangioni9"e > 0, limtfi¥ infz { D*t( ) : = + ({ *t—t*tt—t*t 1Dt( ad ) ‡ Dt( d ) "d*t( z ) *t( ) ,since e.g. = / + 1 — /0 and, by convexity, t( ) /t( ) + 1 — /t( 0 ) £t( ) as 1 and t( ) 0.—vSe( Dt ) = ¶eD*t( 0 ) e( *tet sets of 0 *t.— t f�b( xł + )xł —e > 0: S0( Dt ) and S0( D*t

z*tdtdtt z*ttz*ttdtt = 22 *t = 22t = t. *t = IB¥( 1/t )tt*t = t1—P*2 necessary. of ( ) for > 0 t. In fact, sets of —Proposition IV.3.2.5], so that 0( t ) is also non hand, 0 dom Dtd Dt( ad ) = +¥a > 0.—(or —t— as grows, as as [KCL95,Be96] or is

10Dt� dt fi Dt( d1/tTheorem 3.1: are equivalent to Proof:ivvi).P2 P*2 as of known for , dł dł ( ) for dłdł dł, e ) with e > 0 such that B( dł, ) ˛ . By — IV.3.1.2], is| dł ) — dł for d ( dł, ) > 0; hence, d( ) ( dł, min{ , ( — ( dł ))/L } ) as desired.Using this result, [HL93b — Theorem XI.1.1.4] and (3.2) one has0 ˛ e( Dt ) � 0 ˛ Dt � ¶eDt� Se( D*tt*t.For the last step, we will show that [P1 + P4 + P5] P*5 and [P*1 + P*4 + P*5] P5.[P1 + + P5] : (3.2) P1 P*1), P*5 "e > 0, limtfi¥ infz { D*t( ) : = = +.such is ; *tt*t( ) < +.From 1.)"t "d "z Dt( d ) + D*t( ) ;z = ztD*t( zt ) £ M t( ) t — . set, * * = ;/2t lim tfi¥ Dt( d* ) ‡ lim tfi¥ (2M/e2)ztz* — M = 2M — M > 0[P*1 + P*4 + P*5] : as we show for d att ) < for tP*4, is dłsuch dł tfor all t. Using [HL93a — Theorem V.2.2.2], one has t : t = 1, sup t : t tdł.*t( t ) = supd t — t( ) = supd t — t( ) : t }

A. Frangioni11£ t : t tdł(we have used Dt ‡ 0).Using || zt || = 1, this finally gives "t D*t( t ) dł P*5. Hence, d is t.dłdł ) tdł „” P*4). tdł ) > (˚0 ) = 0, 0 ( dłt tdł ) + ( — dł) t( dł )one gets for = 0, using P1,ł ‡ Dt( dł ) z t( dł )� « = || dł || t( dł ).Now, for each t choose any zt ˛ ¶Dt( dł ). Using 1.), t « and P1 we obtaintz*t( z ) : || z || = e« } £ lim inftfi¥ D*t( zt ) £ lim inftfi¥ ztdł — Dt( dł ) £t ztdł.tłd tł, hence, by (3.1) t also. Using t ‡ tłtłdł ) ‡ Dt( 2dł ) ‡ Dt( dł ) + tdł — dł) zdłtz*t( z ) : || z || = e« } £ lim inft ztdł tłdł ) < ¥¤check. Theorem 3.2:if P*4 holds, { *t } converges pointwise to I, i.e.,*t( ) = + =/ 0,and for any two sequences i˚} + and { i } zł, where zi *i, one has*izii *i( zł ),then P*5 holds. the thesis is obvious if for such *t ( ), by*ttwe *t ( ) isfor . by for > 0 { } and a sequence { i } of points outside 2( ) such that *i( i ) d . złi = || i(the projection of zi on B2( e )). By (3.1), *i( złi£ D*i( ). Now, ( ) is a set, wezłi } zł with || zł 2 = e > 0. Using the hypothesisi *i( złi*i( zł ) < .¤*t (cf. Ex. 3.1, 3.3) ort3.2 two — our — two ways of

12P*5 holds. using two of term, is strong P3 (cf. Ex. 3.2) is bounded below, a finite such that ) is and .(1.2) is , a finite such that *( 0 ) — is and b*( 0 ) — .P3«: , viewpoint, such model, is term, P3 is t, t.t, *t.t, t( 0 ) = { 0 }t, ( *t ) = { 0 }*t is strictly convex in 0).of bounded. and P*3� is [HL93b — Theorem X.4.1.1]. Under P5«, 0 is of ( xł + ) + xł is of ; P5« P5, is . P5« P*5« is of (3.2). dual, P*5« of P*2 sets of *t of( *t ) = { 0 }.So far, has of d ) setting, for two functions. In —t�*t = 1/t D*( t . )—*t*�t( 1/t . )D or P3« P*3« for use two of P1—P5, atLemma 3.3: > 0 > 0 $

t such that Se( Dt ) ˚ B2( d ) "t ‡ t . { } ) on , i.e. > 0 $ t such

A. Frangioni13t( d ) e d t

t use P5, — IV.3.1.5] ) = .The result follows using C = B2( d ), since, due to P4, Se( Dt ) are nondecreasing in t.¤Lemma 3.4: for any fixed xł, t v(xł) = xł) is by P4. by xł) = v_ >), i.e., one dł exists such that f( xł + dł ) < v_. Then, using P5, vtfi¥ v(Pxł,t) limt [ ( xł + dłtdł ) ] = ( xł + dł ) < v_¤4. The bundle algorithm1and Figure 2. let 1 and 0 be fixed; choose the initial xł, t and ;// initialization solve (,xł,t) and (Db,xł,t) dzæ;Æ move along d*, generating some new z and a trial point x æ;// probe f along d*if( a large enough improvement has been obtained )// NS/SS decision xł = ;// a serious stepÆz to bz from b æ;bÆtæ;// the t( + *t( * ) > );// stopping condition choose the initial xł,

t > 0, > 0 and ;do forever run the basic bundle algorithm, ensuring that t t and using in the stopping criteria æt;of 1 of t txłsteps of 2 adds is possibly . isfor where, of t, is —;—;—;—

14—tfbfb £ ffbf�b4.1. Assumptions on fFor of of we function, i.e., such that( , ) := sup l( f )( ) : ( ) < ¥ l > ) —. is of ( ) ( ) is is, is [Fr98] for study). = : + 0 }is { 0 } - III.2.2.3]; sets of ff¥.Theorem 4.1:v()LL( f Lf¥, f is *- select > ) ( ) From hypothesis, for xł ( ) L d such xł + ; — xł : ( ) ( + ) — ( + ) = — .xł inf — xł : ( ) : xł ( ) }£ — : < ¥L¤Corollary 4.2:19.1]. .¤f¥i.e., is true, however, by 4.2 is

A. Frangioni15Lemma 4.3: if f is *-compact, then for any > l > and > 0 there exists

t > 0 such xł,t leł ( ) and t t . xł ( ), x� of xł ( ( xł ) , using *-|| x� — xł ( , ) = < . By Lemma 3.3, $ t such ) ( d ) t t v(Pxł) ( x� ) + t( x� — xł ) l + e t t .¤Using property, we 3.4 for xłi } and { i }.Lemma 4.4: if f is *-compact, then for any sequence { xłt } such that f( xł ) < , v t (xłt) = . by ) < = v — for > 0. 4.3 wet, v(xłt,t) v eev ,v xłt,t) + e. Hence, for this (large enough) t, v xłt,t) + v_ — 2e + e + e < v .¤has functions. In results, box is as isof *-values, (cf. (1.6)), box has asfzz4.2. Assumptions on the -strategy and the NS/SS decisionIn of of we four t[Fr97 — I.5]. improvements w.r.t. the current value f( xłdxł( ) = ( xł + ) — ( xł ),xł( ) = ( xł + ) — ( xł )xł + ddxł( d ) — db,xł( ) = , and that ,xł( * ) 0 (otherwise, d = 0 would of (1.8) *). In following, we use �SS� as for xł is changed. �NS� xł)dxł( * ) ,xł( d* )for (0,1); is required, i.e., SS a);4.iii)of NS, (4.4) many is,

16dxł( * ) > ,xł( d* ))of NS, possibly xł + d* of corresponding f( xł + d* ), in the sense that f+*( ) ( ).Let us briefly discuss the above rules. By 4.i), a SS is isis — — but, by ), forever. is is possible, e.g. by 4.). Finally, using the newly is — — but, by ), forever. Using +* , 4.) is equivalent to f+zz( xł + * ) = ( xł + * ) and ( xł + * ).t.ii) [4.ii«)], 4.iiiiv is [fixed], dxł( * ) > ,xł( dzbh.serious steps drop of 4.iii«)f e.performed. ) is known e_ > 0b,xł( d* ) ‡ —e2, of «), 4.iii�) of SS Df £ eof section, us of serious step, isx x,tproblem (1.11), i.e., xł + ) xł,t), is desired. Unfortunately, the values of v(Dxł + ) xł)unknown, however, usingv(Dxf( xxł + ) xł + )xł) xł) xł) xłxł + ) using *). (4.4) is equivalent, via (2.6), to

A. Frangioni17xł + ) xł,) + ( 1 — )xłxł + ) xł) + ( 1 — xł) as of xł + ) xłxłxłaxł + ) xł). Hence, xł) does xłv(xł) does.4.3. Assumptions on the is b-, i.e., how is of of (1.8) (1.9) is Definition 4.5: a -strategy is weakly monotone if, during a sequence of NS, for or, ofNS. does how has fbfb.Definition 4.6: a -strategy is if, during a sequence of consecutive NS, for each i h *( i* ) i*( i* ), f( xł + ) ‡ i( xł + i* ) + i*( i* ) .using (2.4) (1.1). -is i *i *i for , xł) *( i* ) — ixł + *ti( — zi* ) i*( i* ) — ixł*i( — zi* ) = xłof on on model. For ff——ffbRewriting (1.9) with fb = f�b (*( ) — łz + *t — : = 1 , q ‡ 0 }is offers way for -strategy. If — as — (1.9) is (4.9), is ˛ bzfb*( * ) = *( )z* * = z.In no n + 1 of positive, of

18for *t = 2, [Fr96] would it, Lemma 4.7: if f = fof NS, for h z, is with fb*( * ) .of (down P3� does [Fr97 — ⁄I.4.2]. has Definition 4.8: a -strategy is strictly monotone if it is monotone and, if some z ,xł,t) m > 0.for of does bound on of , Furthermore, is — of (1.9) — of of bFinally, if f is Definition 4.9: a -strategy is if only finitely many aggregations are done.5. Convergence of null steps sequences (1 level)proof is parts. In we no serious ofsteps precision.we two we In paragraph, of ofis supposed perform, xł is ) (i) (1.9) (1.8) i* di* solutions, f�i) model, by of ( xł + di* d iproof is show is i.e., asfb.

A. Frangioni19Lemma 5.1: under the hypothesis of Lemma 2.1, if hold, (i) ii*, . if P3« holds, then from i we have that ( xł + d ) + d ) > ( xł ) for d ( d = ( xł ) — . ( ) is by P2, Otherwise P3 holds, i.e., Dt is strongly coercive, hence fb( xł + ) + ) is is by — IV.1.2.1]). (i) has a— X.2.3.2] shows that an optimal iii* exists for (i).¤of boundedness of { di* }{ i* }. ways for that, assumptions. In following, we down of Lemma 5.2: under the hypothesis of Lemma 2.2, if P3« holds, then { i* } { zi. boundedness of { i5.1, as di ) £ d= ( xł ) — and, by P4, ( ti ) t˚); the latter is compact by P2. By (2.3) , i* is iof ( xł + di* ) for i = = ( xł + di* ) — ( xł + di* ) 0. is everywhere, set, , i eł < . i* eł( xł + ieł = [HL93b — Proposition XI.4.1.2] is compact.¤Thus, P*3« boundedness of sequences. In of P2 is used 5.2, however, strong boundedness of sets — In 5.2, boundedness of { i* } is as of boundedness of { di* of ; is boundedness of { i* } boundedness of { zi* } and P3 / Lemma 5.3: under the hypothesis of Lemma 2.2, if P*3 holds and { i* } is bounded, then { di* is. by (2.2), i* ˛ ¶D*i( —i* ). From ti £ th ( *h *i by P*4), is di* *hindeed, is di* is iof *i i* for i = *h( i* ) *h( i* ) — *ii*˚) 0. Since, by P*3, *h is zi* } is bounded, ei eł < . Hence, i* eł*h( —i* ) for as i* } is bounded.¤Boundedness of { zi* } under P3 / P*3 is however, when proves boundednessof { zi } given boundedness of { di* }.Lemma 5.4: under the hypothesis of Lemma 2.1, if { i{

20fzizi( xł + i Since f is finite everywhere and i f( xł + ii *( ) = ( xł + di* ) — ( xł + di* i* } { } is ¤does way -strategy. Indeed, i—dom( Dth ) is compact (Dt is a �trust region�, cf. Ex. 3.3), as dom( Dti ) ˝ dom( Dth ) by P4;—P3 holds ( * ) is is e.g. as ( i* ) ˝*˚) and Lemma 5.3 gives boundedness of { i* }.Conversely, us boundedness of { di* } boundedness of { i* } f is used, as from (1.7) i* of { } and, i* } is.5.1. Results with a weakly monotone of -strategy. is that, i ,*i( —i* ) i*( i* ) — ixł + ( xł*i( —i* ) = ) + ( xł ) ) + ( xł ) < ¥(use ) i* *). In *t = 2), di* = — tizididoes true, however, is (3.3). proof on iii ) — ( —zi* )( 0 — di* ) ) + ( xł ) < ¥ii* using slope —zi*, is bounded.Lemma hypothesis of 2.2, if holds, weakly isused and Dt is in the form (3.3), then { di* } is bounded. from (2.2), —i* ( di* is (3.3), złi* tizi* we złi*˛ ¶D( di* ). Hence, (5.2) can be written as1/ti1/tidi ) — /ti( —złi* )( 0 — di* ) < ¥i* ) — ( —złi* )( 0 — di* ) i < .Now, call Vłe( dłdł, by ), is . is Vłe( dł ) isdł and any fixed [HL93b — Proposition XI.4.2.6.(i)].¤ttofI as i

A. Frangioni21{i* } is obtained, which, in view of Lemma 5.3, is a stronger result.Lemma hypothesis of 2.2, if holds, weakly isused

t 0 is from 0), { i*( i* ) { i* . from (5.1), P*4 t we * t ( i* ) ) + ( xł ) < ; sets of * t P*2, { i* } is bounded. (5.1), we i*( i* ) is¤In is t does tso is binding. be dropped.5.2. Convergence with a monotone boundedness of of is, (1.8) (1.9) used (2.7), is necessary to prove that {˚Dfi } 0. With a monotone b-strategy, this requires P*3�.ri( z ) := fi*( ) — ł + ( xł )i*i( zf( xłii* * ), i 0. Now definei := i — i*i( ) := i* + .f+*( i* ) i*( i* )) and 4.) (+*( i ) f*( i )) we have that, for all g ˛ [0, 1],hi( g ) :=[ i*( i* )( 1 — ) + *( i ) — i( )xł + ( xł*i( —zi( ) )‡[ +*( i* ) — ixł + ( xł ) ]( 1 — ) + [ f+*( ) — xł + ( xłg*i( —zi( ) )‡r+zig ) + r+( zi )g + D*+( —zi( g ) ) ‡ r+( zi( g ) ) + D*+( —zi( ) )t+ ti *+ *i) i( ) : g ˛ [0, 1] ,i( ) := �*ig ˛¥) min ( ) ) + ( xł ).study of ) of steps of ). In corresponds izi

22*iii* = �D*i( —i( 0 ) ), hence by (2.6)hi( 0 ) = f*( i ) — i*( i* ) — ( i — i* )( xł + i* ) = —.vi( xł + i* ) — f*( ) — ( xł ) > [ zi*( xł + i* ) — i*( i* ) — ( xł ) ,hi¢( 0 ) < (1 — )[ i*( xł + i* ) — i*( i* ) — ( xł ) ].From 1.), —i*diti*i( —i‡ *i( —i* ), hencehi¢( 0 ) < (1 — )[ — fi*( i* ) + ixł*i( —i* ) — ( xł ) ] = — (1 — i( 0 ).Using (5.4) it is show, [OR70], i¢( 0 ) = } 0 { i* } is P*3� holds. In tiTheorem 5.7:under the hypothesis of Lemma 2.2, if P*3� holds, rule 4.ii«) is in force, i* } is bounded, then { i } 0. h by «), 4.iii) ): = for .Boundedness of { zi := ( { i* } { i } )is From P*3�, *t is —VI.6.2.6], on Z; is, *t continuous, uniformly , on *t( i* ) = i* = +* = �D*t( +* ), = (4.6) ( xł + di* ) =( xł + i* ) = ( xł + +* ). Hence *t( z« ) — �D*t( � ) : «, � ˛ Z > 0.*t over Z( ) := inf « — � : *t( —z« ) — �D*t( —� ) , z«, � ˛ Z }is a F-function, i.e., nondecreasing and such that u( 0 ) = 0 and u( v ) > 0 for v > 0 — +however, we ) — ) ( 0 ) — ) i¢( 0 ) > (1 — i( 0 ) )i¢( 0 ) = i } 0 and { hi( 0 ) } 0, proves { ) } is below, as ) — ( xł )). how of iiii*, i.e., i = 0. In fact, in this case i( ) is Jighihihi( 0 ), hence 1.i¢ over [0, 1] one hassi( v ) := inf { | g« — g� | : | hi¢( g« ) — hi( � ) , «, � ˛ [0, 1] }

A. Frangioni23‡/|| i || inf (« — i : *t( —zi( g« ) ) — �D*t( —( � ) ) , «, � ˛ [0, 1] }‡|| i || inf { « — � : *t( z« ) — �D*t( � ) || || , z«, � ˛ Z }i ( ) || || || || .Now, defineg* := infg { g ‡ 0 : hi¢( g ) ‡ 1/2 hi¢( 0 ) } ‡ si( —1/2 hi¢( 0 ) ) by number). By (5.3), g* = 0 = 0 If g* 1, g = 1 is of i) hi¢( g ) hi¢( 0 ) "g ˛ [0, 1] (hi¢ isii¢( 1 ) £ 1/2 hi¢hi( 1 ) + hi¢( 1 )( 0 — 1 ) £ hi( 0 )�hi( 1 ) £ hi( 0 ) + 1/2 hi( 0 ).gł (0, g*) such thathi( g* ) = hi( 0 ) + hi¢( gł )g*�hi( g* ) £ hi( 0 ) + 1/2 hi( 0 )Hence, using (5.5) and (5.6),i) — ) i( 0 ) — i( * ) —2|| i || i( 0 ) u 2|| i || i( 0 ) .Thus, the claim is proved with r( v ) = v/2 min{ 1 , 1/diam( Z , ) <..¤In proof, «) is *t( ) )tiTheorem 5.8: hypothesis of 2.2, if holds, is { i*t is either of the form (3.3) or of the form (3.4), then { fi } 0. of 5.7, *t = i of*i( ) || || || || || || || || || || || || )ti £ tht1/t*t/t*t( ) || || || || || || || || || || || || ) , [0, th] of*tt¤— 2.3] proof) is for of(3.3), P3�. — would is isused, (1.9) is — for = { i*, } — as for

24iforensuring boundedness of { diof . we boundedness of { i* } is, cases, or of boundedness of { di* ti5.5). Thus, indeed, by 3.5 *t 2, ( does on ), proof — one, ) — ) xł)2

�xł)i22

˚.was [Fr97 — I.2.2.2] model, 5.3. Convergence with a strictly monotone is [Fr97 —⁄I.4.2], has used. Furthermore, on hi > j ‡ h, f*( zj ) = fi*( ).(5.7) is of ), for = + 1. b* as of * has .Theorem 5.9: under the hypothesis of Lemma 2.2, if (5.7) holds, isi* } is bounded, then { i } 0. By (2.3) xł + i* i*( i* ), hence, using (5.7),*( ) — ( xł + i* ) i*( j ) — ( xł + i* ) i*( i* ) — ( xł + i* )i* i > .From ( xł + i* ) and zi* ( xł + i* ) (cf. (2.3)), using 1.) one has = ( xł + i* ) — ( xł + i* ) = i*( i* ) — *( i ) + ( xł + i* )( i — i* ).zi*, one obtains min > *( ) — *( ) + ( xł + i* )( — ) . , (5.10) goes 0, { di* } is hence, by { zifzisuch zf¤proof of 5.9 is of [HL93b — XII.4.2.3] for space. shows usefulness of our

A. Frangioni25proofs of of ti f(ibounded by f( xłof > 0 times.hbf�i*( ) *( j ) for all > (j i), but f�i* izi{i* }. With = f, however, is since, as we previously, dii* }.5.4. Overall null steps convergence resultshown that, of on function, term, ˚} 0 of steps. In of (2.7), as desired. is tof NS solves xłtiof { i* } is as hence, by of of { di* } { i* } respectively for (1.12) and (1.11).From viewpoint, ˚} 0 of of — didi — Dti( di* ) = — ( xł + i* ) + ( xłtii* ) = i*i( —i* ) 0use 0, (2.4), (2.5) and (2.9)).Theorem { } if > , many stepsof 1 holds is (e*i( —i* ) } fi 0 and { ai* } 0.NS (4.5) using (4.2) (4.3) and (5.11) then, asi > — (1 — i (1 — )[ i*i( —i* ) ].{ } 0, { i* } { *i( i* ) } go > 0, ¤*i( —ifizi* } *t is a�trust region� (cf. Ex. 3.2) and/or {˚˚} 0.i

d idiDti( dif( xł + di* ) i) = ( xł + di* ) + di* ) ( xł + di* ). In fact, is (5.12) d . As [HL93b( d i

265.5. The polyhedral caseno of xł,t) to optimality, i.e., to obtain fi( xł + i* ) = ( xł + i* ). There is functions. for NS for two and those of Theorem 5.9 (with fb = fTheorem 5.11: assume that { i } 0, f is polyhedral and (4.1) is satisfied. If 4.ii«) is effect is used, = f ismany steps of e. by does = dxł( di* ) — i ‡ dxł( didii.If P*3� holds, (5.3) gives i( 0 ) = —i < 0, and therefore ) > i); we { v(Dif h by «), ) xłtis that, step, if the pair (f*( zi ), zi) already belongs to bi, then Dfi = 0 (use (1.6) f�i ). Now, Dfi(4.1), fzizi¤6. Convergence of serious steps sequences (2 level)we two SS. However, does we fact, SS has no �successor�, i.e., serious stepsway, we use — )-th of of NS SS -th) is performed. notation, xł, i*, iiifisuch exist, as we shown paragraphs. fi £ f.of SS consists each step obtains. From (4.4) f( xł ) — ( xłi ) , down

A. Frangioni27i— i i*i( —i* ) = 1/m[ ai*i( —i* ) ] > e/m(use 1 and i* 0). Hence( xł ) ( xł ) + ( j < ) f( xł ) — ( j < j*j( —j* ) ).di (4.4) is by

d i = i + di* ), as discussed ⁄5.4.

f := limi f( xł ) > —.Lemma 6.1: if f Theorem 5.10 shows steps two serious steps; from (6.1), — < f ( xł ) — , serious steps be done.¤6.1 no how is when stops. is 0 — P5« does xł is for (0.1), i.e., .6.1. Convergence under P5« / « is of f tTheorem 6.2: if f_ > —, P*5 holds, ti t > 0 and e = 0, then { ai* } fi 0 and { zi* } 0. since = 0, { *i( —i* ) } 0 and { ifiby by 5.10 serious steps by(6.1) and fUnder P5«, { *i( —i* ) } fi 0 and ti ‡ t i* } 0; in fact, from P*4 {˚*t_( i* ) } so P*2 i* of *t_) and, asubsequence if necessary, { zi* } *. *t_i*

t ( —i*t ( * ) 0.*

t ( * ) = 0 * = 0. ¤*t_ has (3.4) P*5«). In fact,by (6.1) and f_ > —¥ > ( i*i( —i* ) ) ( i ti*( —i* ) ).titif Sifi¥ ti = ¥i* ) } 0, which imply { zi* } 0 i* of *, is by P*2, is 0). By 5.8, ti t > 0 even for sequences of NS.

28of Theorem 6.3: if P*5« holds, = 0 and lim inf zixł = , then ( xł ) } . f_ = xłi } is sequence, so f_ > —¥; off*b ‡ * and (2.9)i ixł — *( i‡i zixł — i*( i* ) = lim infi f( xłi ) — ihence, from { aif_i ixł — *( i* ) f_ vUsing ( xł ) ixł — *( ii ixł — *( i* ) = f* is and, by 6.2, { i* } 0, i *( i* ) *( 0 ifi¥ zixł = 0,fi zixł — *( i* ) = — *( 0 ) = ¤Under P*5«, { xłi } has * — happens, for serious steps — * is for (0.1); fact, 6.2 ixł˚} 0 as { i* } 0. using { i* } 0 [HL93b — XI.4.1.1]. Hence, Theorem 6.4: if P*5« holds, = 0 and f is *-compact, then ( xł ) } .Proof: assume by contradiction that v(P) < l = f_ — for > 0 x�i of xłi ˚). Since ( xłi ) is nonincreasing, f( xł ) f( xł0ix� — xł ( , ) < . From (2.10), ( xłi ) ff_ — = ( x� ) ( xłi ) + i*( x� — xłi ) — i* f_ — i* x� — xł — i*i* } 0 and { i* } 0.¤6.4 proves is [Au97]. xifziei 0 suchzieifxi; fsequence.( ) = inf infz : ˛ ¶( ) : ( ) = }( ) = inf inf , || || ) : ˛ ¶( ) : ( ) = }l( l ) = infx ( f( ) — l ) / Sl( f )( ) : f( ) > l }v(P); by 6.4, is for us 4.4, setting, found [Au97], weak of (0 dom *). function).

A. Frangioni29of as as of —6], when xłihowever, > 0, as soon as xłi is is straightforward.i* = 0, xłi isihas i* is is of 1. For *t (3.4), forof = our [Fr97], guessing a6.2. The polyhedral caseffor = of course, is that, length, Lemma 6.5: assume that f is polyhedral, (4.1) is satisfied, = f is forf, if a ˛ f�b( x ) exists such that h*( z ) < f, 0 ˛ ¶f( ).Proof: from (4.1) and the safe b-strategy, there is only a finite number of . f�b— VI.4.3.2], is f of f . ) = h*( ) ( 0 due to P*1) and f = min { ( ) : f , ( ) > 0 > 0; ˚) = 0 for such h*( ) < f for ˛ no such exist). Closedness of subdifferentials and ( ) = 0 ˚= 0 (P*5«) do the rest.¤fff for hyfz ˛ ¶f( x ) and h*( z ) < yf � xP).Theorem 6.6: hypotheses of 5.11 6.5, if f is ti

t > 0,e = 0 = 1, then (P). = 1 = 0 is by 5.11; or f�i( xłi + di* ) = ( xłi + di* ) SS is done. If stops, by e = 0 one has ai* = 0 and, P5«, i* = xłi is (cf. (2.10)). Hence, byby (6.1) boundedness of , as proof of* t ( —i* ) } 0. Since i* f( xłi + i* ), applying 6.5 h* = * t shows that, for large enough i, 0 f�i( xłi + di* ), i.e., xłi + di* is of f. Hence, every ( xłifsets b, which contradicts f( xł ) > ( xł ).¤*t_ has the form (3.4). = 1 is is isSS > 0) two SS

30f = 0). Hence, can be reset to < 1 SS, is 1 7. Convergence of the 3 levelofon, of t =t iit i } and { i } 0.7.1. Primal convergenceis 5.4 6.4. In — xł is — Theorem 7.1: if f is *-compact, then lim ( xł ) = . since t i, { ti } . The stopping ) i — ( xłi ), i.e., i) + i ‡( xłi ), and since v(Pxłi,ti) (i) we obtain () f( xłi ) xłi,tiei¤ 7.1 sequence; hence, unlike Theorem 6.4, a.w.b.-ness used here. Furthermore, { } ¥fis show that, fxłtł such xłi,t£) + (use ( xłi ) ( xł )). of t, is possible, of — — serious steps, i.e., using rule 4.«). In this case, t needs to go all the way up to ¥.Theorem 7.2: with rule 4.iii«) in force, lim inf ( xłi + i* ) = . for SS performed, xł (= xłi) point. byixł + i* ) — 2d > () for d > hence, dł such ( xł + dł ) £ ( xł + i* ) — 2d "i. Due to P5 and { ti } fi ¥, Dti( dłxł) ( xł + dłtidł ) ( xł + i* ) — ( xł + itii* ) — .Dfi £ eiv(xł) ei + v(xłi) + ) + ) = ( xł + itii* ),which leads to ei ‡ f( xł + itii* ) — v(xł,ti) ‡ d, contradicting { ei } fi 0.¤

A. Frangioni317.2. Dual convergencexłi + iof (1.2) = 0 (cf. ⁄1), { } of problems (1.3) with xł = xłi + i*. Further, from * iof«) (fi i) gives*( i* ) — i*( xłi + i* ) i*( i* ) — i*( xłi + i* ) *( ) — ( xłi + i* ) + eii.e., ieixł = xłi + ivi* xł + iiiffisa dual function (cf. ⁄9). Thus, if { xłi + di* } * { i* } *, * *˚) [HL93b —XI.4.1.1]; would show { i* } 0 is bounded. isTheorem 7.3: if f is bounded below and rule 4.iii«) is in force, then { i* } 0. using (2.1) and ti 0, we obtain) = ) = ( xłi + itizi* ) ( xłi + i* ).iii«), Dfi = f( xłi + i* ) — ( xłi + di* ,fei) —( xłi + i* ) — ( xłi + i* ) — ) < .Now, using (2.9) and i* ‡ f* one obtains > ) = i*( i* ) — ixłi*i( —i‡ D*i( —i* ) — ( xł ).done, ( xłi ) = ( xł ) for xł;by P*5, || i* > 0 for { } would { *i( i* ) } , a¤7.1 viewpoint, is below, usingzi* } 0, and { xłi } is however, of would (a.w.b.-ness is 7.3. The polyhedral caseproofs ( case. Indeed, for ztdt of xł) xł,t), respectively.Lemma 7.4: if f is polyhedral and bounded below, then for each L < ¥ there exists a

t > 0 such xłt t ł ( xł ) fix any xł such that f( xł ) £ L; it is easy to show, mirroring Theorem 7.3, that { zt } fi 0 for tfi ¥ (use D*t( —zt ) — L £ *t( — ) — ( xł ) *( ) — xł*t( t ) = xł) = — xł) — ) <

32 and P*5). Then, using t ( xł + dt ) (cf. (2.3)) and Lemma 6.5 with = ||.|| we obtain that, forlarge enough t, 0 f( xł + ), i.e., xłdt f.¤i= 0 and use rule 4.iii�).Theorem 7.5: hypotheses of 5.11 6.5, i = 0 for .NS fires, or serious is performed. However, 4.iii�) SS hence, fires, or of NS isstarted. 5.11 us such = 0, *t( —* ) = 0 or = 0.us i* + *i( i* ) = 0 i* = 0 zi* ( xłi ). 7.3 shows i* || 0, as { } ; hence, we h* = ||.|| to show that, for , 0 ( xłi ), i.e., xłi is for). is = 0 (2.7) ixłi,ti¤us xł or xłi + di* is no way Db,xł,t) should * = 0

t 8. Extensionsofon *, that, length, is probed. Also, i) [SZ92] our tfor t = 22e — of them.should proofs of of is is [Ki95,GV97]. 8.1. The constrained case , is set. (Pb,xł) ( xł + d ) + Dt( d ) : ( xł + ) ˛ .(8.1) can be as (1.8) using = + , is of = + . Under xł , the dual of (8.1) is just (1.9) with fb

A. Frangioni33b*( ) = ( + )*( ) = inf b*( — w ) + ( ) }[HL93b — Theorem X.2.3.1], as ()* = . form, zł + :xł)infzł b*( zł ) + ( ) — xłzł + ) + *t( — zł — ) . everywhere, is afX of . However, (2.3)/(2.4) . In particular, * ,( xł + d* ); since xł + ˛ , one has ( xł + d* ), (2.6)/(2.8) = ( xł + * ) — ,( xł + * ) = ,b*( * ) — *( ) + ( xł + * )( — * ).for of them, bof 5.7 case, fzifi*( ii*( i* ) (fXfiri( z ) := fX,i*( ) — ł + ( xł ) = i*( ) — ł + ( xł ) 0.Now, 4.6 ) *( ) +*( ) = +*( i ) + ( 0 ) inf f+*( — w ) + ( ) = *( ).case, i* = złi* + i* (cf. złii*( złi* ) +*( złi* )i*( i* ) = i*( złi* ) + ( i* ) +*( złi* ) + ( i* ) inf +*( i* — w ) + ( ) = *( i* ).Now, proceeding as in ⁄5.2 i) ) + ( xł ) is Furthermore, using (8.4) ishi( 0 ) = —i < — (1 — ,i*( i* ) — ixł*i( —i* ) + ( xł ) ] = — (1 — m)hi( 0 )for proof of 5.9 (5.7) does ,i*( ) = X*( ) for all i h. However, ,i i and (5.7) give ,i*( ) fi*( ) = *( *( ) — ( xł + i* ) i*( i* ) — ( xł + i* )i* i > .(8.4) of = ) (5.10). ⁄7 valid, of , , as In that, by(8.1), xł + d* is ) satisfied.

34XfX affine and = ( )). Indeed, — — is Finally, let us mention that, when X is a polyhedron £ h, (8.3) boils down toxł) b*( ) + — xł(z + wH) + D*t( — z — wH ) : w ‡ 0 }case, is ofX known when is probed, box should (4.1) on box satisfied). .8.2. Decomposable functions( ) = ( )1 < = < ; problems, such as Cost Flow [Fr97]. Here, ofeach ( xł ) gives a ( xł = ,[Ki95,GV97], is bhfhbfh(Pb,xł) h( xł + d ) + Dt( d ) }xł) (h)*( ) — xł*t( — ) }of versions. Using Kb = h iscase, for fKb is f.Kb fhb individually. For 4.iv), for instance, one has that (f+h)*( h ) (fh)( h ) for all imply ) = )*( ) +)*( ) infzł +)*( zł ) : zł = = K+( z );together with f* £ (fKbway is show for h, for Kb. Thus, of tof ⁄9.1 9. Comparisonsshown 9.1. Other bundle approachescourse, 1 [HL93b —

A. Frangioni35XV.3.3.4], where = 22*t = 2is [HL93b — ⁄XV.2.4]: (1.9) is a of of f in xłof of ] xł, so is two points. proposed, on 2-norm is — t—1/t||.||p for p ‡ 1 (in practice, the L1 and L¥ norms) [KCL95];—1/t h( d ) is h is ——of ; less above. for tpossibly contrary, P1 of ( ) of Dof *, of ( ), Se( Dt0 ) = 0 d = 0, used case, d ) = 0 origin. way. Furthermore, our is was using *, of — VIII.2.1.5], was of In (1.9) isused — 2.3]. In was overlooked, used [KCL95]. In [Fr97] was that, by aregion, say norm, corresponds conversely, term, say norm, corresponds 1[cf. Ex. 3.1-3.3]. of (1.9) of e—subgradients, on own, as was of [HL93b — XV.2.5.1]. of [Fr97] for *t =1/t||.||p with p {1, 2, } was the basis of the current development.there, (1.12) is term, on xłtused term, servesfunctions [Ec93,CT93]xł,t( ) = ( xł + ) — ( xł ) — ( xł ) , is such sets of xł j

36xł( ) = xłiŁ�ł�xłixłi

˚convex, and such 1 ) = 1 ) = 0. P1, P4 P5, xł zone of xł ynsecond), work. P3 P3« boundedness of , corresponds P3«, is used, [CT93] the requirement is rather = n, i.e. * = n, i.e. P*3 as*xł,t( ) = /t *( + ( xł ) ) — xł( + ( xł ) ) + ( xł ).Dxłxł,t( d dapproach, 0) of) proofs. Also, of (1.12), is when is by of box�. Finally, our has for is of xł is [Ki98] also, isno for as of (1.12) is given). of using is proposed [Ki99], of fdo B-function. Furthermore, we case, ouron of we model,found [Nu97]. There, *. Infact, w.l.o.g. ( 0 ) = 0, ) has ( 0 ) = ( * ) 0. [Nu97] our as , f�if, 0), f_i is ffound so far. be non-vertical, i.e., in the form (1, —xi); it is (1, ) is f( ) f_if�i*( 0 ) < . course, of [Nu97], is , { f, 0) — (, : (, ) f�i* ,where |||.||| is any norm, whose dual optimal solution provides xi. (9.1) is (1.9) of fbut, on hand, *t (1.9) Furthermore, .

A. Frangioni37Level [LNN95,HL93b — — XIV.3.4.2], on of [Fu98], of our of 9.2. Algorithms for structured convex problems ( ) : ( ) = 0 , u }xł)( xł ) = sup ( ) + xł( ) : }.*( )=x — sup c( ) + h( ) — ) : }= ( ) : ( ) = , u ;(9.4) is of (9.5), Thus, * is of w.r.t. the constraints ); plugging (9.5) in (1.11) one obtainsxł) ( ) + xł*t( —( ) ) : .Hence, (9.2). If h affine, f�b,xł) inf —( ) : ( ) = , q ˛ Q — ł*t( — ) = ( ) + xł*t( —( ) ) : ( ) = }where b is now of ui ˛ of (1.3) suchii approach, is, xł). In fact, u* solution of (9.7); from (4.7), the sequence { zi* = h( ui* ) } of of (1.9) correspondsi* } of i solutions for (9.3) (cf. ⁄6.1). If { i* } 0 and { i* } 0, of { ui*} is for (9.2). (9.2) has h( u ) £hh( uss ‡ 0.Hence, methods. For [PZ92,PZ94] (9.6) is considered with xł*t( ) = i Fe*( i ) ) = e1/t di ) foreFe*( i ) = �iee2Fe( di ) = �2i¥.e is of t|| . of[PZ94] u* of (9.6) for , t ¥eefor solving (9.6), used in [PZ92], is simplicial decomposition, i.e., Hence,

38[PZ94] is oftt|| ||1; however, is by our theory. Thus, *t offers of of(9.6) is xłe is is has used for problems [GK95]. In order to solve (9.2) (with ( ) 0), (9.6) (with xł*t( ) = t 1 + i zi )for some fixed t > 0. (9.8) is of t|| , i.e., *t( ) t|| ¥ *t( ) —. (9.6) is approach, i.e., *tnew ]. step, { *, u } is is *t P*3�. is amethod, as *t is region. However, use forms of function, xł10. Conclusionsof of of for of bon less [Au87,KCL95,Be96], [Ki99] of [HL93b — ⁄XV.2.1 and ⁄XV.2.2], so as is d ) as of . on , such as tof our is of aproposed of on or ) norms, of of approaches.

A. Frangioni39of his has of 3.1 consequences. for his for A. Numerical Methods for Nondifferentiable Convex � Prog. Study , p. 102-126, 1987A. How to Deal with the Unbounded in Optimization: Theory � Math. Prog. , p. 3-18, 1997 Convex Functions with Unbounded Sets and Applications to Duality Theory� SIAM J. Opt. , p. 669-687, 1993C. BERGER �Contribution � l�Optimisation Non-Diff�rentiable et � la D�composition Programmation Math�matique� Ph.D. , et M. J.-P. A. Towards Minimal Assumptions for Infimal Convolution Regularization� J. of Approx. Theory , p. 245-270, 1991R. C, C. L �Convergence of some Algorithms for Convex �Math. Prog. , p. 261-275, 1993G. C, M. Convergence Analysis of a Proximal-like Minimization Bregman Functions� SIAM J. Opt. , p. 538-543, 1993T.G. , A. B. Bundle-based Relaxation Methods Multicommodity Capacitated Fixed Charge Network Design � to onDiscrete Appl. Math., 1998J. Nonlinear Proximal Point Algorithms using Bregman Functions Applications to Conxec Programming� Math. of O.R. , p. 292-226, 1993A. Solving Semidefinite Quadratic Problems Within Optimization Algorithms� Computers & O.R. Vol. (1.12), p. 1099-1118, 1996A. Dual Ascent Methods and Multicommodity Flow � TD 5/97, Dip. di Informatica, di Pisa, 1997A. Generalized Bundle TR , Dip. di Universit� di Pisa, 1998A. Metodi Numerici per la Minimizzazione di Funzioni � Ph.D. Thesis, DEIS, della Calabria, 1998M.D. L.G. An Exponential-Function Reduction Method Block-Angular Convex Programs� (1.2), p. 59-68, 1995M. M.F. Quadratic Approximations in Convex � SIAM J. on Control and Opt. (0.1), p. 58-70, 1991J. J.-P. Warm Start and -subgradients in Cutting Plane Scheme Block-angular Linear Programs� Logilab Technical Report , 1997J-B. H, C. L �Convex Analysis and Minimization Algorithms I -� A Series of Comprehensive Studies in Mathematics, vol. , Springer-Verlag, 1993

40J-B. H, C. L �Convex Analysis and Minimization Algorithms II -Advanced Theory and Bundle � A Series of Comprehensive Studies in , , Springer-Verlag, 1993A.N. I, B.F. M. Entropy-like Proximal Methods in � Math. of O.R. (1.4), p. 790-814, 1994A.N. I, M. T �Convergence Rate Analysis of Nonquadratic Proximal for Convex and Linear Programming� Math. of O.R. , p. 657-677, 1994K.C. Approximations in Proximal Bundle Methods and Decomposition Convex Programs� 84(3), p. 529-548, 1997 Proximal Minimization Methods with Generalized Bregman � J. on Control and Opt. , p. 1142-1168, 1998K. A Bundle Bregman Proximal Method for Convex � Math. Prog. , p. 241-258, 1999S. , K.N. J.Y. A Descent Method with Linear Subproblems for Nondifferentiable Convex Optimization� Math. Prog. , p. 17-28, 1995 New Variants of Bundle � , p. 111-147, 1995C. L, C. Variable Metric Bundle Methods: from Conceptual Implementable Forms� to appear on Math. Prog., 1998L. J. Bundle-Newton Method for Nonsmooth � Math. Prog. , p. 373-391, 1998R. M, D. L. Quasi-Newton Bundle-Type Methods for Convex Optimization� to appear on SIAM J. on Opt., 1998Y. Complexity Estimates of Some Cutting Plane Methods Based on Analytic Barrier� Math. Prog. , p. 149-176, 1995E.A. Separating Plane Algorithms for Convex � Math. Prog. ,p. 373-391, 1997J.M. W.C. Iterative Solutions of Nonlinear Equations in � Academic Press, 1970M.C. , S.A. Parallel Decomposition of Multicommodity Network Using a Linear-Quadratic Penalty Algorithm� ORSA J. on Computing , p. 235-248, 1992M.C. , S.A. On Smoothing Exact Penalty Functions for Constrained Optimization� SIAM J. on Opt. , p. 486-511, 1994R.T. ROCKAFELLAR Convex Analysis� Princeton University Press, New Jersey, 1970H. S, J. A Version of the Bundle Idea for Minimizing a Function: Conceptual Idea, Convergence Analysis, Numerical Results� SIAM J. , 121-152, 1992M. Convergence of a Proximal-like � SIAM J. Opt. , p. 1997