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¼�³1º^¼uÅ�¯�·`¸:¼u±"º+¼mµ|ÄZ²1» Å�ºr²Z¸:´>¾^¾:Ð���µ|Ä�´:º}¶r¯�·`¾�¼u¾^¾fÂ|»{Å�¶r·q²uµ½¼u±�±]¶r¯|´P·qµZ¹�²uº^»�¼�¶^·�²1µ½¸/²ZÄZ´KÄ
·qµ1¶^²�·qµ�Å�ÂZ¶�¾r¼u»{Å|±�´K¾�¸:¼uµÌÁ�´�¸/²ZÄZ´>ÄÓ·qµÓ¶r´>ºr»�¾2²m¹(¶r¯�´�¾f²Ã¸:¼m±q±q´>Ä��"�� % 5¢Ö���×��+×[Ø�× 5���× 5 %��
Àu´K¸�¶^²uº


T (x)
Õ#¯�·`¸+¯�¸:¼uµ�Á�´�²1ÁZ¶^¼u·�µ|´>Ä�¶r¯|ºr²1Â�³u¯�¶r¯|´2¸/²1µ|¸:¼m¶r´:µ�¼�¶r·q²uµ�²m¹t¾r²u»�´�³u´>µ�´:º+¼�Æ


¶r·qÀu´�»�²ZÄZ´:±�Æ[ÄZ´:ÅA´:µ|Ä�´:µJ¶2ÔJÂ|¼mµJ¶r·�¶r·q´>¾>Ç�·q»�»{´KÄZ·`¼�¶r´>±�°	¼hÀ�¼m·q±q¼uÁ�±�´P¹�º^²u»3·qµZ¹�´:º^´:µ�¸/´uÐ �(¯�´K¾f´
ÔJÂ|¼mµJ¶^·s¶^·�´K¾t¸:¼uµ{ÁA´�Â|¾r´>ÄP¶^²�ÄZ´��|µ|´)¼�¾f·q»�·�±`¼mº^·�¶R°�¹�Â�µ|¸/¶r·q²uµ�Õ#¯�·`¸+¯�Õ9´�¸>¼m±q±Z¶r¯�´�¾fÂ"!�¸:·�´>µ1¶
¾f¶^¼�¶^·q¾f¶r·`¸:¾(È1´:º^µ�´:±�¼uµ|Ä�Õy¼1¾(Å�ºr´>±�·q»�·�µ�¼mº^·�±q°�·�µJ¶^ºr²ZÄZÂ|¸:´>Ä�·�µ��)·q¸:²m¶rº+¼7Ö/×�Ø�ÙqÚ"É ,hËiÐ


�(¯�´P¾rÂ"!�¸/·q´:µJ¶�¾R¶+¼�¶r·`¾f¶r·`¸:¾}¼mº^´�²m¹�¶r´>µ½¸/²1»�Å�ÂZ¶r´KÄ�¼u¾}¼mµ7·qµJ¶r´>ºr»�´>Ä�·q¼m¶r´2¾f¶r´>Å7¹�²uº}Å|¼�Æ
º+¼m»�´/¶^´:º�´>¾f¶r·q»�¼�¶^·�²1µ£¼mµ|ÄÓÂ|¾rÂ|¼u±�±q°½º^´:Å�º^´>¾r´:µJ¶2¾r·�»�Å�±q´�¶rº+¼mµ�¾R¹�²1ºr»�¼�¶^·�²1µ|¾�²m¹(¶^¯�´�·qµ�Å�ÂZ¶
²uÁ�¾f´>ºrÀ�¼�¶^·�²1µ|¾t²1µ�¶^¯�´�Á|¼u¾r´)²u¹�¶r¯�´�¾f¶rº^Â|¸�¶^Â�º^´)²m¹=¶r¯�´}»�²ZÄZ´:±NÇ�¾f²1»�´:¯�²�Õ!¸:²uÂ�µJ¶r·qµ�³�Ç1´1Ð ³�Ð�Ç
·qµ7¶r¯�´{¸:¼1¾f´P²m¹��(¼h°u´K¾f·`¼mµ�µ�´/¶RÕy²uº^ÈZ¾:Ç�¯�²�Õ¡»2Â�¸+¯�´>¼1¸+¯�¸/²uµ�ÄZ·s¶^·�²1µ|¼m±=ºr´>±q¼m¶r·q²uµ7ÁA´/¶RÕy´:´>µ
À�¼mº^·q¼uÁ�±q´>¾*²Z¸:¸:Â�º+¾*·�µ�¼2¾fÅA´>¸:·���¸#¶rº^´:´uÐ��(¼u¾r·q¸>¼m±q±�°1ÇuÕy´ �|º+¾R¶t±q´>¼uºrµ�¶^¯�´�Å|¼uº^¼u»�´/¶r´>º^¾t²m¹B¶r¯�´
Å�º^²uÁ|¼uÁ�·q±�·`¾R¶^·q¸�»�²ZÄZ´:±o³1·�À1´:µ�¶^¯�´�Õ#¯�²1±�´�Ä�¼m¶^¼u¾r´/¶KÇZ¼mµ|Ä�¶r¯�´>µ�ÇZ¹�²1ºy´K¼u¸+¯�Å�º^²��|±q´�Õy´�¸/²1»PÆ
Å�ÂZ¶^´�¶r¯�´�¸:²uº^ºr´K¾fÅA²uµ|Ä�·�µ�³	¾fÂ !�¸:·�´>µJ¶�¾f¶^¼m¶r·`¾R¶^·q¸>¾{Àu´>¸/¶r²1º>Ç9²uÁZ¶+¼m·qµ�·�µ|³	¼ÓÄZ²1»�¼u·�µ Õ#¯�·`¸+¯
¸:¼uµ ÁA´Ì´:µ�ÄZ²�Õ9´KÄ!Õ#·�¶r¯¡¼ ¾R¶+¼mµ|Ä|¼mº+Ä ·qµ�µ�´>º7Å�ºr²ZÄZÂ�¸�¶


〈, 〉
Ç�º^´>¾rÂ�±�¶r·qµ�³ ·qµ ¶r¯�´ÌÈ1´:º^µ�´:±


k ���! (x, x′) = 〈T (x), T (x′)〉
Ð Ñe·qµ|¸/´�¶^¯�´�Å�º^²uÁ|¼uÁ�·q±�·`¾R¶^·q¸�»�²ZÄZ´:±`¾�Õy´�¸/²uµ�¾f·`ÄZ´:º�¸:²uµZÆ


¶^¼u·�µÃ¯�·`Ä�ÄZ´:µÃÀ�¼mº^·q¼uÁ�±�´K¾�Â|¾r´>Ä�¶r²�ºr´>Å�º^´>¾r´:µJ¶�¼mµ�¸/´>¾f¶r²1º)µ�²ZÄZ´K¾:ÇB¶^¯�´{Àu´>¸/¶r²1º)²m¹y¾fÂ"!�¸:·�´>µ1¶
¾f¶^¼�¶^·q¾f¶r·`¸:¾�µ�´:´KÄ�¾*¶^²�ÁA´�ºr´>Å�±`¼u¸/´KÄ�Õ#·s¶^¯�¶r¯�´}¸/²1ºrº^´>¾rÅ�²1µ|ÄZ·qµ�³�´/¿ZÅA´>¸�¶^´>Ä�¾rÂ"!�¸/·q´:µJ¶y¾f¶^¼m¶r·`¾RÆ
¶r·`¸:¾�Àu´>¸/¶r²1ºy²1ÁZ¶^¼u·�µ|´>Ä�¾fÂ|Á|¾R¶^·s¶^ÂZ¶r·qµ�³�»�·`¾r¾r·qµ�³�¯�·qÄ|ÄZ´:µ7À�¼m±qÂ�´K¾(Õ#·s¶^¯�¶r¯�´>·�º�´:¿ZÅ�´K¸�¶^¼m¶r·q²uµ|¾
³u·qÀu´>µ�¶^¯�´�²m¶^¯�´:º#²1Á|¾f´>ºrÀ1´>Ä�Àh¼u±�Â|´>¾>Ð


�(¯�´PÄ�·�»�´:µ�¾f·q²uµ|¼u±�·�¶R°�²m¹�¶r¯�´{¾fÂ !�¸:·�´>µJ¶�¾R¶+¼�¶^·q¾f¶r·`¸:¾�Àu´K¸�¶r²1º)¾rÅ|¼u¸:´�·q¾)·�µ½³u´:µ|´:º+¼m±
s +


s2(n − 1) + 2sm
Õ#¯�´>ºr´


n
·q¾�¶r¯�´{µeÂ�»2ÁA´:º�²m¹t¯�·`Ä�ÄZ´>µ½¼mµ�¸/´>¾f¶r²1º)µ�²ZÄZ´K¾


n
�
13
·qµ�²uÂ|º


Å�º^²uÁ|¼uÁ�·q±�·`¾R¶^·q¸�Å|¯J°e±q²u³1´:µ�´:¶r·`¸�¶rº^´:´ �/Ç
m
·`¾�µeÂ�»PÁ�´>º�²m¹�±q·�Àe·qµ�³£²1ºr³J¼mµ�·`¾f»�¾ �


24
·�µ ²uÂ�º


¸:¼1¾f´��)¼uµ|Ä
s
·q¾�¶r¯|´{µeÂ�»PÁ�´>º�²m¹9¯|·qÄ�Ä�´:µÓ¾R¶+¼�¶r´K¾ �


2
·qµ	²uÂ�º�¸:¼1¾f´���Ð �(¯|´:º^´/¹�²uº^´uÇB¹�²1º}¶r¯�´


»�²ZÄZ´:±|¶r¯�´�»�²ZÄZ´>±|Õ#¯�·`¸+¯�·q¾9¸/²1µ|¸/º^´/¶^´:±q°2Â|¾r´>Ä�·qµ�¶r¯�´�´/¿ZÅA´:º^·�»�´:µJ¶+¼m±|¾r´>¸/¶r·q²uµ�Õy´#²uÁZ¶+¼m·qµ
¼P¹�´>¼m¶rÂ�º^´�¾fÅ|¼1¸/´�º^´:Å�º^´>¾r´:µJ¶^¼m¶r·q²uµ�²m¹]¾r·��:´


146
Ð


� ·�À1´:µÒ¶r¯�´7¸/²1µ|ÄZ·�¶r·q²uµ|¼u±(Å�ºr²1Á|¼mÁ|·�±q·s¶^·�´K¾
p(h(v) = i|h(pa(v)) = j)


²1º
p(x(v) =


i|h(pa(v)) = j)
¼mµ|ÄÓ¼�Å�¯e°e±q²u³u´>µ�´/¶^·q¸{Å�º^²���±�´


x
Õy´�¸:¼uµÃ²1ÁZ¶^¼u·�µ	¶^¯�´�¸/²1ºrº^´>¾rÅA²uµ|ÄZ·qµ�³


¾rÂ"!�¸/·q´:µJ¶�¾R¶+¼�¶r·`¾f¶r·`¸:¾#Áe°�¾r·�»�Å�±q°�¼uÅ�Å�±q°J·qµ�³�¼mµ�·qµZ¹�´:º^´:µ�¸/´�¼m±q³u²1ºr·�¶r¯�» �


�







αi = p(h(r) = i|x, θ)
¹�²uº


i = 1, . . . s,


αij(v) = p(h(v) = i, h(pa(v)) = j|x, θ)
¹�²uº


i, j = 1, . . . , s; v = 2, . . . , n,


βij(v) = p(x(v) = i, h(pa(v)) = i|x, θ)
¹�²uº


i = 1, 2; j = 1, . . . , s;


v = n + 1, . . . , n + m,


¼mµ�Ä�¯�´>µ|¸/´1Ç|¾f·qµ|¸:´}¼�¸/²1»�Å�±�´:¶r´�µ�²1µ�¾f¶^¼�¶^·�²1µ|¼mº^·�¶R°�·q¾(¼u¾^¾rÂ�»�´>ÄoÇ�¼uµ|Ä�Ä�·��B´:º^´:µJ¶#Å|¼mº+¼m»�´:Æ
¶r´>º^¾�¼mº^´�¼u¾^¾f·q³uµ|´>Ä�¶r²�´:Àu´>ºr°�µ�²ZÄZ´uÇ�¶r¯|´P¾rÂ"!�¸/·q´:µJ¶}¾f¶^¼m¶r·`¾R¶^·q¸>¾�Àu´K¸�¶^²uº)¸>¼mµ7ÁA´2²uÁ�¶^¼m·qµ�´KÄ
Áe°�¸/²1µ|¸:¼m¶r´>µ|¼�¶^·�µ�³�¼u±�±B¶^¯�´>¾r´�ÔJÂ|¼mµJ¶r·�¶r·q´>¾(²1ÁZ¶^¼u·�µ|·�µ�³{¶^¯�´�¹�²u±q±�²�Õ#·qµ�³{¹�´>¼m¶rÂ�º^´�¾fÅ�¼u¸/´�º^´:ÅZÆ
º^´>¾r´:µJ¶^¼m¶r·q²uµ �


T (x) = [α1,, . . . αs, α11(2), . . . , αss(n), β11(n + 1), . . . β2s(n + m)],


� ��� � ��!#!�� ��� � ! � � !#� �&! �
�i¹�Õ9´Ã¼u¸:¸:´:ÅZ¶�¶r¯|¼m¶�¼Ì¾f´>µ|¾r·�Á�±q´�È1´:º^µ�´:±�»�·q³u¯J¶�ÁA´ÃÄZ´ �|µ�´KÄÍ¸/²u»�Å|¼uºr·qµ�³	¶r¯|´½·qµ1¶^´:º^µ|¼m±
Å�º^²Z¸/´>¾^¾*³1´:µ�´>º^¼m¶r·qµ�³�¶r¯�´}¾r¼u»�Å�±�´K¾:Çe¼mµ|²m¶r¯|´:º�Õ(¼h°�¶^²2¼mÅ|Å�ºr²h¿Z·q»�¼�¶r´(¶^¯�·`¾�·qµZ¹�²uº^»�¼�¶^·�²1µ�·q¾
¶r¯|´�Â|¾f´�²u¹�¶r¯|´��*5����|Ö 3 5��  793 � Ø�× 587'� É��>ËiÇyØ½ÔJÂ|¼mµJ¶r·�¶R°�Õy´:±q±*Èeµ�²�Õ#µ½·qµÌ¾R¶+¼�¶r·`¾f¶r·`¸:¾�¼mµ�Ä
·qµZ¹�²uº^»�¼�¶r·q²uµ�¶^¯�´:²1ºr°1Ð �7²1ºr´�Å�º^´>¸:·q¾r´:±q°uÇ|³u·qÀu´:µ7¼�¾r´/¶)²u¹*±�´K¼mº^µ�´>Ä�Å|¼uº^¼u»{´:¶r´>º^¾


θ
¹�²1º#¶r¯�´


�(¼h°u´K¾f·`¼mµÃµ�´/¶RÕy²uº^ÈBÇ�¹�²uº2´>¼u¸+¯Ó·qµ�Å�ÂZ¶�Ä�¼�¶+¼
x
Õy´�¸:¼uµ	´:¿e¶rº+¼u¸�¶2¼½Ô1Â�¼mµJ¶r·�¶R°½Èeµ�²�Õ#µÌ¼u¾


¶r¯|´���5��	�|Ö 3 � % 7 3rÖ�Àu´K¸�¶r²1º>Ç=Õ#¯�·`¸+¯Ì·q¾PÄZ´��|µ|´>ÄÌ¼u¾�¶r¯�´�³uº+¼uÄZ·q´:µJ¶>Ç]Õ#·�¶r¯Ìº^´>¾rÅ�´K¸�¶�¶^²7¶r¯�´
Å|¼uº^¼u»{´:¶r´>º2Àu´K¸�¶^²uº


θ
²m¹�¶^¯�´�±�²1³�±�·qÈu´>±�·q¯�²e²ZÄ


5 log p(x|θ)
Ð �(¯�´��]·`¾f¯|´:º�¾r¸:²uº^´�¹�²uº�¼


Å�¯e°e±�²1³u´>µ�´/¶^·q¸�¶rº^´:´�Õ#¯�²1¾r´}±�´K¼hÀu´>¾y¼u¾^¾rÂ�»�´)¶^¯�´�Àh¼u±�Â|´>¾(¸/²1µ1¶+¼m·qµ�´>Ä�·�µ�¶r¯|´}Å|¯J°e±q²u³1´:µ�´:¶r·`¸
Å�º^²��|±q´


x
Á�¼u¾r·q¸>¼m±q±�°{ÄZ´>¾^¸/º^·�ÁA´>¾�¯�²�Õ »2Â|¸+¯�´K¼u¸+¯�¾r·�µ|³u±q´#Å|¼mº+¼m»�´/¶^´:ºt·qµ


θ
¸:²uµJ¶rº^·qÁ�ÂZ¶r´K¾�¶r²


¶r¯|´�´:Àu²1±�Â�¶r·q²uµ|¼uºr°�Å�º^²Z¸/´>¾^¾(²m¹]³u´>µ�´:º+¼�¶^·�µ�³P¶r¯|´�¾fÅA´>¸:·���¸�´>Àu²1±�ÂZ¶^·�²1µ�²u¹]³1´:µ�´
x
Ð


�(¯�´ �=·`¾r¯�´:º�¾r¸:²uº^´�Å�º^´>¾r´:º^Àu´K¾�¼m±q±}¾f¶rº^Â|¸/¶rÂ�º+¼m±}¼u¾^¾fÂ�»�ÅZ¶^·�²1µ|¾�²m¹�¶r¯|´Ã»�²ZÄZ´:±�¹�º^²u»
Õ#¯�·`¸+¯�·�¶�·`¾�´/¿e¶rº+¼u¸/¶r´>Ä�ÇA·qµ½Å�¼mºr¶r·`¸/Â�±`¼mº)¶r¯�´�»2Â�¶rÂ|¼u±]ÄZ´>Å�´>µ|ÄZ´>µ|¸/·q´>¾}ÁA´/¶RÕy´:´:µ½¶r¯�´{À�¼mº^·sÆ
¼mÁ|±�´K¾7²m¹�¶^¯�´Ò»�²ZÄZ´:±{¼mµ|Ä¡¸>¼mµ¡ÁA´ÒÂ|¾r´>Ä ¶^² ÄZ´ �|µ�´Ò¼!µ|¼�¶^Â�º^¼u±2È1´:º^µ�´:±�´>»2ÁA´>Ä�Ä�·�µ�³
5 log p(x|θ)


Õ#·�¶r¯Ã¶r¯|´�¾R¶+¼mµ|Ä�¼uº^Ä�·�µ�µ|´:º�Å�º^²ZÄZÂ|¸�¶�·qµ½¶^¯�´�
tÂ|¸:±�·`ÄZ´K¼mµÓ¾fÅ|¼1¸/´1Ð�	´�Õ#·�±q±
¾r¯�²�Õ ¶r¯|¼m¶�¶^¯�´Óºr´K¾fÂ�±�¶r·qµ�³ Èu´:º^µ�´>±)·`¾�¸:²u»�Å�ÂZ¶+¼mÁ�±q´½Â�¾f·qµ�³ ¾R¶+¼mµ|Ä�¼uº^Ä ·qµZ¹�´>ºr´>µ|¸/´Ó¼m±q³u²uÆ
º^·s¶^¯�»�¾:Ð �[µ ¶r¯�·`¾�¸>¼u¾r´uÇ(Õ9´7´>»�Å�±�²�° ¼Ó³u´>µ�´:º+¼�¶^·�À1´�»�²ZÄZ´>±�Õ#·s¶^¯ ¶r¯�´�¶rº^´:´½¾f¶rº^Â|¸�¶^Â�º^´
ÄZ´K¾r¸:ºr·qÁ�´KÄ�·�µ���·qÁ�´>º^¼u±�´K¾�Ö:×�Ø�Ù�ÚoÉ ÎKËo¼mµ�Ä�ºr´>Å�²1ºf¶^´>Ä�·qµ �]·�³1Â�º^´�ÊuÇJÕ#¯�²1¾r´�µ�²ZÄZ´K¾�¼uºr´�»�²ZÄeÆ
´:±q´>Ä	Õ#·�¶r¯Ì¶^¯�´�¾r´/¶�²u¹(Å�¼mº+¼m»�´/¶^´:º+¾�ÄZ´>¾^¸/º^·�ÁA´>Ä	·qµÒÑe´>¸/¶r·q²uµÒÎ�Ð � ¾�·�µÓ¶^¯�´�¸>¼u¾r´�²m¹(¶r¯�´
¾rÂ"!�¸/·q´:µJ¶y¾f¶^¼m¶r·`¾R¶^·q¸>¾�È1´:º^µ�´:±NÇu¶^¯�´:°�¯�¼hÀu´#¶^¯�´�¾^¼m»�´�Ä�·�»�´:µ�¾f·q²uµ|¼u±�·�¶R°�²m¹o¶^¯�´�Å�¼mº+¼m»�´/¶^´:º+¾
θ
²m¹=¶r¯�´�»�²ZÄZ´:±NÐ
�(¯�´ �]·`¾f¯|´:ºtÈ1´:º^µ�´:±|¹�²uºt¶^ºr´>´)¾f¶rº^Â|¸�¶^Â�ºr´KÄ{Å�ºr²1Á|¼mÁ|·�±q·q¾f¶r·`¸#»�²ZÄZ´:±`¾tÕ(¼u¾tÅ�ºr´>Àe·�²1Â|¾f±q°2·qµZÆ


¶rº^²ZÄZÂ|¸:´>Ä�·qµ�ÉqÊ.-mËe¹�²uº�ºr´K¸/Â�º+¾r·�À1´t³u´>µ�´:º+¼�¶^·�À1´�»�²ZÄZ´:±`¾:Ç�Õ#¯|·�±q´(¯�´:º^´9Õy´yºr´>Å�²1ºf¶�¼�¸:²u»�Å�±q´/¶r´
ÄZ´>ºr·qÀ�¼�¶r·q²uµ�·qµ�¶^¯�´�¸:¼1¾f´�²m¹*¼ ��¿Z´>ÄoÇZµ|²uµZÆ[¾R¶+¼�¶^·�²1µ|¼mº^°�¾R¶^ºrÂ�¸�¶rÂ|ºr´1Ð


�(¯�´yÅ|¼mºr¶r·`¼m±ZÄZ´>ºr·qÀ�¼�¶r·qÀu´9²m¹�¶^¯�´y±�²1³mÆi±�·qÈu´>±�·q¯�²e²ZÄ
log p(x|θ)


²u¹�¼�Å�¯e°J±q²u³1´:µ�´:¶r·`¸tÅ�º^²���±�´
x
Õ#·s¶^¯�º^´>¾rÅ�´K¸�¶#¼�³u´>µ�´:º^·`¸�Å|¼uº^¼u»{´:¶r´>º


θh(u)=i|h(pa(u))=j


�¢·�µ�¶r¯|´)¹�²1±�±q²�Õ#·�µ|³
θij(u)


�t²u¹
¼mµ�·qµ1¶^´:º^µ|¼m±oÂ|µ�²uÁ|¾r´:º^Àu´KÄ�µ�²ZÄZ´�·`¾


�







∂


∂θij(u)
log p(x|θ) =


1


p(x|θ)


∂


∂θij(u)
p(x|θ)


=
1


p(x|θ)


∂


∂θij(u)


∑


h(1),...,h(n)


p(h(1))


n
∏


v=2


p(h(v)|h(pa(v)))


m+n
∏


w=n+1


p(x(w)|h(pa(w))) =


=
1


p(x|θ)


∑


h(1),...,h(n)


p(h(1))
∂


∂θij(u)
(


n
∏


v=2


p(h(v)|h(pa(v))))


m+n
∏


w=n+1


p(x(w)|h(pa(w)))


Õ#¯�´:º^´
h(v)


·q¾�¶^¯�´�¯�·qÄ|ÄZ´:µÓ¾R¶+¼�¶^´P²u¹�µ�²ZÄZ´
v
Ç"¼uµ|Ä7¶^¯�´�¾fÂ|»{»�¼m¶r·q²uµ ∑


h(1),...,h(n)·`¾�¶^¼mÈ1´:µ Õ#·s¶^¯ ºr´K¾fÅA´>¸/¶�¶^²Í´:À1´:º^°ÍÅ�²J¾r¾r·�Á|±�´Ó¯�·`Ä�ÄZ´>µ ¾f¶^¼m¶r´Ì²u¹P´:À1´:º^°Í·�µJ¶^´:º^µ|¼m±�µ�²ZÄZ´
h(1), . . . , h(n)


Ð
��²�Õ Õ9´#¸:¼uµPº^´:Õ#º^·�¶r´y¶r¯�´#ÄZ´>ºr·qÀ�¼�¶^·�À1´y²u¹|¶^¯�´#±�·qÈu´>±�·q¯�²e²ZÄ�¹�Â|µ|¸�¶^·�²1µ{·qµP¶r´:º^»�¾�²m¹o¸/²1»PÆ


ÅA²uµ�´>µ1¶+¾
θh(v)|h(pa(v)) = p(h(v)|h(pa(v))


Ð�Ñe·qµ|¸/´�¶^¯�´
s2 Å�¼mº+¼m»�´/¶^´:º+¾ θh(v)|h(pa(v))Å|¼uº^¼u»{´:¶r´>º^¾�¼mº^´�¶r·q´>Ä�Ço·�µÃ¶r¯�´�¾r´:µ|¾r´�¶^¯|¼�¶�¶r¯|´:°�¾rÂ�» ¶r²�²uµ�´{³u·qÀu´>µ�²uµ|´2·qµ|ÄZ´/¿


pa(v)
Ç


Õy´ ��º^¾f¶#ºr´>Õ#ºr·�¶r´}¶r¯|´:» ·qµ�¶r´>ºr»�¾(²m¹*¼�¾f´:¶#²m¹�·�µ|Ä�´:ÅA´:µ|ÄZ´>µJ¶�Å|¼mº+¼m»�´/¶^´:º+¾


θh(v)|h(pa(v)) =
θ̃h(v)|h(pa(v))


∑


h′(v) θ̃h′(v)|h(pa(v))


Õ#¯�´:º^´2¼1¾�ÁA´/¹�²uº^´ ∑


h′(v)


·`¾#¶r¯|´P¾rÂ�»�»�¼m¶r·q²uµ7²�À1´:º)¼u±�±=Å�²J¾r¾r·�Á|±�´�¾f¶^¼m¶r´>¾)²m¹*µ�²ZÄZ´
v
Ç


¼mµ�Ä}¼1¾r¾rÂ�»�´�¶r¯�¼�¶o¶r¯|´�¸/Â�º^º^´:µJ¶oÀh¼u±�Â|´*²m¹
θ̃h(v)|h(pa(v))


¼mº^´t¾f´:¶"¾f²(¶^¯|¼�¶ ∑
h′(v) θ̃h′(v)|h(pa(v)) =


1
·�»�Å�±q°e·�µ|³P¶^¯|¼�¶


θ̃h′(v)|h(pa(v)) = θh(v)|h(pa(v))


1


p(x|θ)


∑


h(1),...,h(n)


θh(1)
∂


∂θij(u)
(


n
∏


v=2


θ̃h(v)|h(pa(v))
∑


h′(v) θ̃h′(v)|h(pa(v))


m+n
∏


w=n+1


θx(w)|h(pa(w)))


�(¯�´:µ"Ç�Õ9´�¸:²uµ|¾r·qÄ�´:º#²uµ|±�°�¶^¯�´�¶r´>ºr» Õ9´�Õ(¼mµJ¶y¶r²�ÄZ·��A´>ºr´>µJ¶r·`¼�¶r´


,







∂


∂θij(u)
(


n
∏


v=2


θ̃h(v)|h(pa(v))
∑


h′(v) θ̃h′(v)|h(pa(v))


m+n
∏


w=n+1


θx(w)|h(pa(w)))


= [
∂


∂θij(u)


θ̃h(u)|h(pa(u))
∑


h′(u) θ̃h′(u)|h(pa(u))


]
u−1
∏


v=2


θ̃h(v)|h(pa(v))
∑


h′(v) θ̃h′(v)|h(pa(v))


n
∏


q=u+1


θ̃h(q)|h(pa(q))
∑


h′(q) θ̃h′(q)|h(pa(q))


m+n
∏


w=n+1


θx(w)|h(pa(w))


= [
δh(u),iδh(pa(u)),j


∑


h′(v) θ̃h′(v)|h(pa(v))


−
θh(u)|h(pa(u)


∑


h′(u) δh′(u),iδh(pa(u)),j


(
∑


h′(v) θ̃h′(v)|h(pa(v)))2
]


u−1
∏


v=2


θ̃h(v)|h(pa(v))
∑


h′(v) θ̃h′(v)|h(pa(v))


n
∏


q=u+1


θ̃h(q)|h(pa(q))
∑


h′(q) θ̃h′(q)|h(pa(q))


m+n
∏


w=n+1


θx(w)|h(pa(w))


= [δh(u),iδh(pa(u)),j − θh(u)|h(pa(u))δh(pa(u)),j ]


u−1
∏


v=2


θ̃h(v)|h(pa(v))
∑


h′(v) θ̃h′(v)|h(pa(v))


n
∏


q=u+1


θ̃h(q)|h(pa(q))
∑


h′(q) θ̃h′(q)|h(pa(q))


m+n
∏


w=n+1


θx(w)|h(pa(w))


= [
δh(u),iδh(pa(u)),j


θh(u)|h(pa(u))
− δh(pa(u)),j ]


n
∏


v=2


θ̃h(v)|h(pa(v))
∑


h′(v) θ̃h′(v)|h(pa(v))


m+n
∏


w=n+1


θx(w)|h(pa(w))


Õ#¯�´:º^´�¶r¯�´ �|º+¾R¶y¶RÕ9²P´>ÔJÂ|¼u±�·�¶r·q´>¾9¹�²u±q±q²�Õ ¹�ºr²1» ¶r¯�´}Å�º^²eÄ�Â|¸�¶(ºrÂ|±�´}²m¹=Ä�´:º^·�À�¼�¶^·�²1µ�ÇJ¶r¯�´
¶r¯|·�º+Ä{²uµ�´y¹�º^²u»�²1Â�º*·qµ�·s¶^·q¼u±|¾r´/¶f¶^·�µ|³ �


θ̃h′(v)|h(pa(v)) = θh(v)|h(pa(v))


Ç1¼uµ|Ä
δh(u),i


·`¾�¶r¯�´
��º^²uµ�´K¸+Èu´:ºyÄZ´:±�¶^¼|Ð


�[µ|¾r´:ºr¶r·qµ�³{¶r¯�·`¾#´/¿ZÅ�º^´>¾^¾r·�²1µ�Á|¼1¸+È�Õ9´�²1ÁZ¶^¼u·�µ


Ê.-







∂


∂θij(u)
log p(x|θ) =


1


p(x|θ)


∑


h(1),...,h(n)


[
δh(u),,iδh(pa(u)),j


θh(u)|h(pa(u))
− δh(pa(u)),j ]θh(1)


n
∏


v=2


θ̃h(v)|h(pa(v))
∑


h′(v) θ̃h′(v)|h(pa(v))


m+n
∏


w=n+1


θx(w)|h(pa(w))


=
∑


h(1),...,h(n)


[
δh(u),,iδh(pa(u)),j


θij(u)
− δh(pa(u)),j ]


p(x, h(1), . . . , h(n)|θ)


p(x|θ)


=
1


θij(u)
E[δh(u),iδh(pa(u)),j |x, θ] − E[δh(pa(u)),j |x, θ]


=
αij(u)


θij(u)
−


∑


t


αtj(u)


Õ#¯�´:º^´
E
·`¾"¶r¯�´9´/¿ZÅ�´K¸�¶+¼�¶r·q²uµ�Õ#·�¶r¯2ºr´K¾fÅA´>¸/¶�¶r²


p(x|θ)
¼mµ|Ä


αij(u)
¼uºr´*¶^¯�´9¾rÂ"!�¸/·q´:µJ¶


¾f¶^¼�¶^·q¾f¶r·`¸:¾(·qµJ¶rº^²ZÄZÂ|¸/´KÄ�·qµ�¶r¯�´�Å|ºr´>ÀJ·q²uÂ�¾y¾r´>¸/¶r·q²uµ�Ð
�i¶2¸:¼uµÃÁA´�´>¼u¾r·q±�°7ÁA´�¾f¯|²�Õ#µ�¶r¯�¼�¶2¾r·�»�·q±q¼uºr±q°�¼m±`¾f²�¶r¯|´ �=·`¾r¯�´:º�¾^¸/²uº^´P¹�²uº�²uÁ�¾f´>ºrÀ1´>Ä


¼mµ�Ä�º^²e²m¶#µ�²ZÄZ´>¾#¸>¼mµ�Á�´�¸:²u»�Å�ÂZ¶^´>ÄoÐ


� ��� � ��!#! � ��	��&����� ������� �
��	��&% � � � !#��� ! �
®tº^²uÁ|¼uÁ�·q±�·�¶R°�Å�ºr²ZÄZÂ�¸�¶�Èu´>ºrµ�´>±q¾�Õy´:º^´P·qµJ¶rº^²eÄ�Â|¸/´KÄ�·qµ��1´:Á|¼uº^¼	Ö/×�Ø�Ù�Ú�É ��Ë�¼mµ|Ä½ºr´>Å�ºr´K¾f´>µJ¶
¼�Õ(¼h°�¶^²�¸/²1»2Á�·qµ�´�³1´:µ�´>º^¼m¶r·qÀu´�»�²ZÄZ´:±`¾}¼mµ|Ä7ÄZ·`¾^¸/º^·�»�·qµ|¼�¶^·�À1´�»�´/¶r¯|²eÄ|¾)»�¼mÅ|Å�·�µ|³�¾f·qµZÆ
³u±q´�Ä�¼m¶^¼	Å�²1·�µJ¶+¾�¶r²£Ä�·q¾f¶rº^·�Á|ÂZ¶r·q²uµ|¾�²�Àu´:º�¶^¯�´�¾^¼m»�Å�±q´�¾fÅ|¼1¸/´�¼uµ|Ä ¶r¯�´>µÍ²uÁZ¶+¼m·qµ�·�µ|³Ó¼
¾r·�»�·q±q¼uºr·�¶R°�»�´>¼1¾fÂ�º^´�·�µJ¶^´:³uº+¼�¶^·�µ|³P¶^¯�´�Å�º^²ZÄZÂ|¸�¶�²m¹�Å|¼m·qº^¾(²u¹�Ä�·q¾f¶rº^·�Á|ÂZ¶r·q²uµ|¾�²uÁZ¶+¼m·qµ�´>Ä�·qµ
¾rÂ|¸+¯ ¼	Õ(¼h°uÐ �(¯�´:º^´/¹�²1ºr´�·�¶�·q¾�²u¹�¶r´:µ º^´/¹�´>ºrº^´>Ä ¼u¾�¼	Èu´>ºrµ�´>±(Á�´:¶RÕ9´>´:µ ÄZ·q¾f¶rº^·qÁ�ÂZ¶r·q²uµ�¾:Ð
�7²1ºr´�Å�º^´>¸:·q¾r´:±q°uÇ=³u·qÀu´:µ	¶RÕy²�Å�¯e°J±q²u³1´:µ�´:¶r·`¸{Å�ºr²
�|±q´>¾


x
¼uµ|Ä


x′ Õ9´�Â|¾r´�¶r¯|´:» ¶r²7·qµZ¹�´:º¶r¯|´�»�¼m¿Z·�»PÂ�»0±q·qÈu´:±q·q¯�²e²eÄ�´>¾f¶r·q»�¼�¶^´�²m¹]¶r¯�´2Å|¼mº+¼m»�´/¶^´:º+¾y²m¹*¼�Å�ºr´KÄZ´���µ�´>Ä�Å�º^²uÁ�¼mÁ�·q±�·`¾fÆ
¶r·`¸P»{²ZÄZ´>±�Ð �i¹


p
¼mµ|Ä


p′
¼uºr´PÅ�ºr²1Á|¼mÁ|·�±q·s¶R°�Ä�·q¾f¶rº^·�Á|ÂZ¶r·q²uµ|¾}²1µÃ¼�¾fÅ|¼1¸/´{²m¹�Å|¯J°e±q²u³1´:µ�´:¶r·`¸


Å�º^²��|±q´>¾2²uÁZ¶+¼m·qµ�´>ÄÓ·qµÌ¶^¯�·q¾PÕ(¼h°uÇ]¶r¯�´�Å�º^²uÁ|¼uÁ�·�±q·�¶R°ÃÅ�º^²ZÄZÂ|¸/¶2Èu´>ºrµ�´>±�ÁA´/¶RÕy´:´>µÌ¶r¯�´>»&·q¾
ÄZ´ �|µ�´>Ä�¼u¾


k 	�
��� (p, p′) =
∫


x
p(x)p′(x)dx


Ð �Í¯�·q±q´}·qµ�³1´:µ�´>º^¼u±�Õy´�Ä�²Pµ�²u¶yµ|´:´>Ä�¶r²{´/¿eÆ
Å�±q·q¸:·s¶^±�°�´>À�¼m±qÂ|¼�¶^´�¶r¯|·q¾y·qµ1¶^´:³1º^¼u±�Çe¾f²1»�´/¶r·q»�´>¾�¶r¯�´�ÄZ´>ºr·qÀ�¼�¶^·�²1µ�²m¹"¼PÅ�º+¼u¸�¶^·q¸>¼m±A¼m±q³u²uº^·�¶r¯�»
¹�²uº2·s¶+¾2¸/²1»�Å�ÂZ¶^¼m¶r·q²uµÌ·`¾2¾f¶rº+¼m·q³u¯J¶f¹�²1ºrÕ(¼mº+ÄoÇo·qµ£²m¶^¯�´:ºP¸:¼u¾r´>¾�·s¶2º^´>ÔJÂ�·qº^´>¾�±q²uµ�³�¸>¼m±`¸/Â�±`¼�Æ
¶r·q²uµ�¾�¼mµ|ÄÃ´:À1´:µÃ¼uÅ�Å�º^²h¿Z·�»�¼�¶^·�²1µ|¾>Ð �[µÃ¶r¯�·`¾�Å|¼uÅ�´>º}Õy´�Å�º^´>¾r´:µJ¶�¼�µ�²�À1´:±�´/¿e¶^´:µ|¾r·�²1µÃ²u¹
¶r¯|´�Å�ºr²1Á|¼mÁ|·�±q·s¶R°�Å|ºr²ZÄZÂ|¸/¶�Èu´>ºrµ�´>±A¶r²�Å�º^²uÁ|¼uÁ�·q±�·`¾R¶^·q¸�Å�¯e°e±�²1³u´>µ�´/¶^·q¸�¶rº^´:´�»�²ZÄZ´:±`¾>Ð


�i¹�Õy´9¸:²uµ|¾r·qÄ�´:º�¼m³1¼u·�µ�¼�Å�¯e°e±�²1³u´>µ�´/¶^·q¸t¶rº^´:´�Õ#·�¶r¯
n
¯�·`Ä�ÄZ´>µ{¼uµ|¸/´K¾R¶^²uº+¾"¼mµ�Ä


m
±�·qÀe·�µ�³


²uº^³1¼uµ�·`¾f»�¾�Õy´�¸:¼mµ	¸/²1»{Å|ÂZ¶r´{¶r¯|´{È1´:º^µ�´:±
k 	�
��� (pθ, pθ′) =


∑


x pθ(x)pθ′(x)
Õ#¯�´:º^´


θ¼mµ�Ä
θ′
¼mº^´#¶r¯�´)¶RÕ9²PÅ|¼mº+¼m»�´:¶r´:º9¾f´:¶9±q´>¼mº^µ�´KÄ{¹�ºr²1» Å|¯J°e±q²u³1´:µ�´:¶r·`¸(Å�ºr²
�|±q´>¾


x
¼mµ�Ä


x′ Õ9´


ÊuÊ







²uÁ�¶^¼m·qµ


k 	 
��  (pθ, pθ′) =
∑


x(n+1),...x(n+m)


pθ(x(n + 1), . . . , x(n + m))


pθ′(x(n + 1), . . . , x(n + m)) =


=
∑


x(n+1),...x(n+m)


∑


h(1),...h(n),


pθ(x(n + 1), . . . , x(n + m)|h(1), . . . h(n))
∑


h′(1),...h′(n),


pθ′(x(n + 1), . . . , x(n + m)|h′(1), . . . h′(n)) =


=
∑


x(n+1),...x(n+m)


∑


h(1),...h(n),


∑


h′(1),...h′(n),


pθ(h(1))p(h′
θ′(1))


n
∏


w=2


pθ(h(w)|h(pa(w)))pθ′ (h′(w)|h′(pa(w)))


n+m
∏


v=n+1


pθ(x(v)|h(pa(v)))pθ′ (x(v)|h′(pa(v))) =


=
∑


h(1),...h(n),


∑


h′(1),...h′(n),


pθ(h(1))pθ′(h′(1))


n
∏


w=2


pθ(h(w)|h(pa(w)))pθ′ (h′(w)|h′(pa(w)))


∑


x(n+1),...x(n+m)


n+m
∏


v=n+1


pθ(x(v)|h(pa(v)))pθ′ (x(v)|h′(pa(v)))


Õ#¯�·`¸+¯�¸>¼mµ�Á�´�Ä�´>¸/²1»�Å�²J¾f´KÄ�Â|¾r·qµ�³{¶r¯�´�¹�²1±�±q²�Õ#·�µ|³{º^´>¸:Â�º+¾f·qÀu´}ºr´>±q¼m¶r·q²uµ|¾ �


k 	 
 �� (pθ, pθ′) =
∑


h(r)


∑


h′(r)


∏


w∈ch(r)


k̃w(h(r), h′(r)),


k̃v(h(pa(v)), h′(pa(v))) =















































∑


x(v) pθ(x(v)|h(pa(v)))pθ′ (x(v)|h′(pa(v)))·�¹
n + 1 ≤ v ≤ n + m


��²1Á|¾f´>ºrÀ1´>Ä �
,


∑


h(v)


∑


h′(v) pθ(h(v)|h(pa(v)))pθ′ (h′(v)|h′(pa(v)))
∏


w∈ch(v) k̃w(h(v), h′(v))·�¹
2 ≤ v ≤ n


��¯�·`Ä�ÄZ´>µ �
.


�(¯�´�È1´:º^µ�´:±*·`¾�¸/²1»�Å�ÂZ¶^¼uÁ�±q´�¶r¯�º^²uÂ�³1¯	¼�»�´K¾r¾^¼m³1´PÅ|¼1¾r¾r·qµ�³7¼m±q³u²uº^·�¶r¯�»3Õ#¯|·q¸+¯Ó»�·�»�·`¸:¾
¶r¯|´)¾R¶^ºrÂ�¸�¶rÂ|ºr´#²u¹BÁA´:±q·q´/¹�Å�º^²uÅ|¼u³1¼m¶r·q²uµ�Çm¼uµ|Ä�Õ#¯�´:º^´#»�´>¾^¾r¼u³u´K¾*¼mº^´�¸/²u»�ÅA²1¾r´>Ä{Áe°PÈ1´:º^µ�´:±
´:À�¼u±�Â|¼m¶r·q²uµ|¾


k̃v


Ð


ÊKÎ







� � 
�§ 
 
�¦�ª������ �(¨�	� �#¦P§ 
���
 ���=« �+§��


�	´�¼mÅ�Å�±q°�¶^¯�´�³1´:µ�´>º^¼m¶r·qÀu´}Èu´:º^µ�´>±q¾(·qµJ¶rº^²eÄ�Â|¸/´KÄ�·qµ½Ñe´K¸�¶r·q²uµ�ÎP¶^²�¶r¯�´�Ä�¼m¶^¼1¾f´:¶�²m¹tÎ�Û � �
Å�¯e°e±�²1³u´>µ�´/¶^·q¸�Å|ºr²
�|±�´K¾�²m¹#¶^¯�´�Á|Â|Ä�ÄZ·qµ�³½°1´>¼1¾R¶�oØ %#% ��Ø93 7 ��� %^Ö�� %+Ö 3�.5��:Ø1Ö�¾f´>±�´K¸�¶r´KÄÌ·qµ
®*¼hÀe±�·`ÄZ·`¾2Ö/×2ØmÙ�Ú]É ÛmË"¹�²1º#¶r¯|´:·qº}¼1¸:¸/Â|º^¼m¶r´}¹�Â�µ|¸/¶r·q²uµ|¼u±=¸/±`¼u¾^¾r·���¸>¼�¶^·�²1µ�Ð � ¶�¶r¯�´P¾r¼u»{´�¶r·q»{´
Õy´2´:»�Å�±q²�°�¶r¯�´PÅ�¯e°e±�²1³u´:µ|´/¶r·`¸�¶^ºr´>´P¾f¶rº^Â|¸�¶^Â�º^´2Å�º^²uÅA²1¾r´>Ä�·qµ �"·�ÁA´:º+¼m±q´>¾�Ö:×)Ø�Ù�ÚtÉ ÎKËiÐ��]·sÆ
µ|¼u±�±q°uÇZ¶^¯�´�¹�Â�µ|¸/¶r·q²uµ|¼u±"¸:¼m¶r´>³u²uº^·q´>¾(¼mº^´�¾f´>±�´K¸�¶r´KÄ�¼m»�²uµ�³P¶r¯|²1¾r´�Õ#·s¶^¯�¼m¶�±�´K¼u¾f¶�Ê.-{³u´>µ�´>¾
»�¼uÄZ´P¼hÀh¼u·�±`¼mÁ|±�´�·qµ7¶^¯�´ �7Â|µ�·q¸+¯ �[µZ¹�²uº^»�¼�¶^·�²1µ 	9´:µJ¶r´>º�¹�²uº�®tº^²m¶r´>·�µ	Ñe´>ÔJÂ�´>µ|¸/´K¾�	9²1»PÆ
Å�º^´:¯�´>µ|¾r·�À1´��t´K¼u¾f¶ � ´:µ�²1»{´ �}¼�¶+¼mÁ|¼1¾f´K¾:Ð


��²1º�´>¼1¸+¯Ã¹�Â|µ|¸�¶^·�²1µ|¼m±y¸:¼�¶^´:³1²uº^°uÇ�ÅA´:ºr¹�²uº^»�¼mµ|¸:´>¾�Õy´:º^´�¼u¾^¾f´K¾r¾r´>Ä½¶r¯�º^²uÂ|³u¯Ì¼7Ï�ÆN¹�²u±`Ä
¸/º^²1¾^¾�À�¼u±�·`Ä�¼�¶^·�²1µ£º^´:ÅA´>¼�¶^´>ÄÓ¹�²1º � -�¶^·�»�´>¾{Â|¾r·qµ�³	¼Ã¾fÂ|Å�Å�²1ºf¶{Àu´K¸�¶r²1ºP»�¼1¸+¯�·�µ|´�»�²ZÄZ´:±
��Ñ"� � �/Ð �(¯�´�¾r¼u»{´�Å|ºr²Z¸/´KÄZÂ�º^´�Â|¾r´>ÄÓ·qµ �*´:ºr¶�É ÏhË�¶^²½ÄZ´/¶^´:º^»�·�µ�´�¶r¯�´�Ñ � � ¸:²1¾f¶2Å|¼�Æ
º+¼m»�´/¶^´:º�¶r²7¸/²1Å�´�Õ#·�¶r¯	Â�µeÁ|¼m±`¼mµ|¸:´>ÄÃÄ�¼�¶+¼u¾r´/¶^¾}Õ(¼u¾}´:»�Å�±q²�°u´KÄoÐ �)¶^¯�´:º�´:¿eÅA´:º^·q»{´>µJ¶^¼m±
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